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Abstract: We consider the one-dimensional symmetric simple exclusion 
process with a slow bond. In this model, whilst all the transition rates 
are equal to one, a particular bond, the slow bond , has associated transi¬ 
tion rate of value AT -1 , where N is the scaling parameter. This model has 
been considered in previous works on the subject of hydrodynamic limit 
and fluctuations. In this paper, assuming uniqueness for weak solutions 
of hydrodynamic equation associated to the perturbed process, we obtain 
dynamical large deviations estimates in the diffusive scaling. The main 
challenge here is the fact that the presence of the slow bond gives rise to 
Robin’s boundary conditions in the continuum , substantially complicating 
the large deviations scenario. 
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1. Introduction 

In this paper we present dynamical large deviations estimates for the Symmetric 
Simple Exclusion Process (SSEP) with a slow bond. The SSEP is a largely 
studied process both in Probability and Statistical Mechanics. It consists of 
particles that perform independent random walks in a certain graph, except for 
the exclusion rule that prevents two or more particles from occupying the same 
site. 

The SSEP with a slow bond is characterized by a defect at a fixed bond. 
The graph here considered is TV = Z/iVZ, the discrete one-dinrensional torus 
with N sites. Let us describe this process in terms of clocks. At each bond 
we associate a different Poisson clock, all of them independent. When a clock 
rings, the occupation at the sites connected by the corresponding bond are 
exchanged. Of course, if both sites are empty or occupied, nothing happens. We 
call the parameters of those Poisson clocks of exchange rates. All exchange rates 
are equal to one, except at the slow bond which has exchange rate TV -1 , which 
slows down the passage of particles there. Notice that the choice of the exchange 
rates characterizes the non-homogeneity of the environment. 

This model has origin in the models considered in [FJL, FL], In [FJL], the 
exchange rate at a bond of vertices x and x + 1 is taken as [N(W{x + 1 /N) — 
W{x/ TV))]” 1 , where W is a a-stable subordinator of a Levy process. In the same 
line, [FL] dealt with exchange rates driven by a general, non-random, strictly 
increasing function W. The SSEP with a slow bond is in fact a particular case 
of the model considered in [FL]. 

In order to understand the collective behavior of the microscopic system, 
a natural question is the limit for the time evolution of the spatial density of 
particles, usually called hydrodynamic limit , see [KL] and references therein. The 
limiting density of a given system is usually characterized as the weak solution 
of some partial differential equation, being the associated equation denominated 
hydrodynamic equation. 
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By [FL, FGN1, FGN2], the hydrodynamic limit of the SSEP with a slow 
bond is well understood, being the hydrodynamic equation given by following 
heat equation with Robin’s boundary conditions: 

( d t p{t , u) = dlp(t , u), t> 0 ,«e T\{ 0 }, 

< d u p(t,0+) = d u p(t, 0 “) = p(t,0 + ) - p{t, 0 “), t > 0 , ( 1 . 1 ) 

[p(0,u) =7(u), mGT, 

where T denotes the continuous one-dimensional torus, 0 + and 0“ denote the 
side limits around 0 G T and 7 : T — > [0,1] is a density profile. The boundary 
condition above can be interpreted as the Fick’s Law: the rate in which mass is 
exchanged between two media is proportional to the difference of concentration 
in each medium. 

The natural questions that emerge in the sequence are fluctuations and large 
deviations with respect to the expected limit. Equilibrium fluctuations for the 
SSEP with a slow bond has been studied in [FGN3]. In this work we analyze 
the corresponding large deviations, consisting in the occurrence rate of events 
differing from the expected limit in the scaling of the hydrodynamic limit. The 
large deviations of a Markov process comes from two origins. One part are 
deviations from the initial measure, and the second are deviations from the 
dynamics. These are called statical and dynamical large deviations, respectively. 
Since the invariant measures for the dynamics here considered are Bernoulli 
product measure, for which the large deviations are well known, we will treat 
only the dynamical large deviations: the system will start from deterministic 
initial configurations associated in some sense (Definition 2.2) to a macroscopic 
profile. 

The main difficulty for establishing large deviations for the SSEP with a slow 
bond of parameter iV -1 comes from the fact that the limiting occupations at the 
vertices of the slow bond depend on time, as we can see in the Robin’s boundary 
conditions above. In important previous papers [BLM] and [FLM], the authors 
have considered exclusion process with fixed rate of incoming and outcoming 
particles at the boundaries leading to Diric.hlet’s boundary conditions, therefore 
with time independent values at the boundaries. 

Here it has been considered a single slow bond. An extension to a finite 
number of slow bonds (in the setting of [FGN1]) would be straightforward, with 
no additional obstacles. However, it would carry on the notation and probably 
would imply a loss of clarity. For this reason we decided to focus in the single 
slow bond case. What is still far from manageability are the large deviations 
for the model of [FL] , which deals with much stronger spatial non-homogeneity 
(a dense set of slow bonds is allowed there). This is a very interesting and 
challenging problem. 

An important ingredient in the large deviations proof consists in establishing 
the law of large numbers for a suitable set of perturbations of the original sys¬ 
tems. The family of perturbations we have considered is the weakly asymmetric 
exclusion process (WASEP) with a slow bond. Its hydrodynamic equation is a 
non-linear diffusive partial differential equation with non-linear Robin’s bound- 
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ary conditions. Assuming uniqueness of weak solutions of this equation, which 
is a delicate question due to the non-linearity at the boundary, we prove the 
corresponding hydrodynamic limit. Existence of weak solutions is granted by 
the tightness of the processes. 

The Radon-Nikodym derivative of the perturbed process with respect to the 
original process naturally leads to the expression of the large deviations rate 
functional. A difficulty in the proof of the upper bound comes from fact the 
Radon-Nikodym derivative obtained is not a function of the empirical measure. 
To overpass of this obstacle, we show that the Radon-Nikodym derivative is su- 
perexponentially close to a function of the empirical measure. Moreover, follow¬ 
ing steps of [BLM, FLM] we define an energy and then proving that trajectories 
with infinity energy are not relevant in the large deviations regime. Carefully 
handling this facts together we organize the scenario in order to invoke the Min¬ 
imax Lemma attaining the upper bound for compact sets. Exponential tightness 
finally leads to the upper bound for closed sets. 

Since the upper bound is achieved via an optimization over perturbations, 
the rate functional obtained turns to be expressed by a variational expression. 
On the other hand, for the large deviations lower bound, it is required to find 
the cheapest perturbation that leads the system to a given profile distinct of the 
expected limit. In other words, it is necessary to solve the variational expression 
of the rate function, at least for a sufficiently large class of density profiles. This 
is precisely what we do in the large deviations lower bound, by means of a proof 
surprisingly simple. In fact, the proof (of Proposition 6.1) consists essentially 
in checking that the perturbation H that leads the system to a limit p H is the 
cheapest one. Indeed, a difficult part of the work was to find the correct class 
of perturbations for the dynamics and fulfil the technical details. 

Then, since the rate functional is convex in a specific sense, by a density 
argument we extend the lower bound for the class of smooth profiles. The ex¬ 
tension for general profiles is a hard problem of convex analysis and illustrates 
that there is much to be develop in terms in of Orlicz Spaces as devices in large 
deviations schemes. This is subject of future work. 

The paper is divided as follows. In Section 2, we introduce notation and 
state the main results, namely: Theorem 2.10 and Theorem 2.14. In Section 3, 
we establish the replacement lemma and the energy estimates. In Section 4, we 
prove the Theorem 2.10. In Section 5, we prove the upper bound. Finally, the 
lower bound for smooth profiles is presented in the Section 6. 

2. Model and statements 

Let Tjv = Z/IVZ = {0,1,2,..., iV — 1} be the one-dimensional discrete torus 
with N points. In each site of IV we allow at most one particle. In other words, 
we consider configurations of particles ry e {0, l} Tiv . We say that rj{x) = 0, if 
the site x € is vacant and ij(x) = 1, if the site x £ Ttv is occupied. Notice 
that x = 0 and x = N are the same site. Denote by Djv = {0, l} Tw this state 
space. 
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The exclusion process with a slow bond at the bond of vertices —1,0, which 
has been considered in [FL, FGN1, FGN2], can be described as follows. To each 
bond of Tjv we associate a Poisson clock, all of them independent. If the bond is 
that one of vertices —1,0, the parameter of the Poisson is taken as 1/N. All the 
others Poisson clocks have parameter one. When a clock rings, the occupation 
values of 77 at the vertices of the associated bond are exchanged. The smaller 
parameter at the bond of vertices — 1,0 slows the passage of particles cross it, 
from where the name slow bond. 



Fig 1. The bond of vertices {—1,0}, the slow bond, has particular rates associated to it. 


This Markov process can also be characterized in terms of its infinitesimal 
generator Ljv, which acts on functions / : fljv —t as 

(Lnjm = ^ [/fa- 1 - 0 ) - m] + E if(v x ’ x+1 ) - m], (2.1) 

x ^ — 1 

where rf ,x+l is the configuration obtained from 77 by exchanging the variables 
77(21), 77(27+1): 

{ 77 ( 21 + 1 ), if y = x, 

77 ( 2 ;), if y = x + l, (2.2) 

77 ( 77 ), otherwise. 

Denote by {rj t ;t > 0} the Markov process on = {0, l} Tw associated to the 
generator Ljv, defined in (2.1), speeded up by N 2 . The dependency of r/t in N 
will be omitted to keep notation as simple as possible. 

Remark 2.1. This is a notion that often causes confusion and for this reason 
we explain it in detail. By r] t we mean the Markov process which generator is 
N 2 Lm- Equivalently, rjt could be defined as the Markov process with generator 
Ln (without the factor N 2 ) seen at time tN 2 . 

Let 2?([0,T], Hn) be the path space of cadlag time trajectories with values 
in = {0,1} T ". For short, we will denote this space just by T>q n . Given a 
measure 72 n on fljv, denote by P MJV the probability measure on Vq n induced 
by the initial state /ijv and the Markov process {r}^\t > 0}. Expectation with 
respect to P MJV will be denoted by E MJV . Let v£ be the Bernoulli product measure 
on fl N with marginals given by 

= !} = a, VoieUV. 
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These measures {v^ ; 0 < a < 1} are invariant, in fact reversible, for the dy¬ 
namics described above. Denote by T = [0,1] the one-dimensional continuous 
torus, where we identify the points 0 and 1. 

Definition 2.2. A sequence of probability measures {pn',N > 1} is said to be 
associated to a profile po : T —> [0,1] if 


lim ujy 
N—too 


v ; 


-k 

xGT jv 


H(u)po(u)du 



= 0, 


(2-3) 


for every 6 > 0 and every continuous functions H : T —> R. 

The quantity introduced in the definition above can be reformulated in terms 
of empirical measures. We start by defining the set 

A4 = {/i ; p is a positive measure on T with p(T) < 1 }, (2-4) 

this space is endowed with the weak topology. Consider the measure n N £ A4, 
which is obtained by reescaling space by N and by assigning mass N _1 to each 
particle: 

n N {p,du) = l( x ) 6 j fr(du), 

rzeTjv 

where 5 U is the Dirac measure concentrated on u. The measure n N (p,du) is 
called the empirical measure associated to the configuration p. With this no¬ 
tation, XLenv ^(f) 7 ?( x ) i s fh e integral of H with respect to the empirical 
measure tt n , denoted by (n N , H). 

We consider the time evolution of the empirical measure it^ associated to 
the Markov process {pp, t > 0} by: 


7T t{du) = t r N (p t ,du) = ± Vt( x )S%{du). (2.5) 

xGTjv 


Note that (2.3) is equivalent to say that ttq converges in distribution to po(u)du. 
Throughout the entire paper, it is fixed a time-horizon T > 0. Let X>([0, T),M) 
be the space of A4-valued cadlag trajectories 7r : [0, T] —> M endowed with 
the Skorohod topology. For short, we will use the notation T>m = 2?([0,T], M.). 
Denote by Qj? N the measure on the path space T>m induced by the measure pn 
and the empirical process 7r) v introduced in (2.5). 

2.1. Frequently used notations 

Before stating results we present some important notations to be used in the 
entire paper. 

• The indicator function of a set A will be written by 1^(«), which is one 
when u £ A and zero otherwise. 
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• Given a function H : T — > R, we will denote H( 0 ) and H( 0 + ), respec¬ 
tively, for the left and right side limits of H at the point 0 € T. 

• Given a function H : T — > R, denote 6H( 0) = H( 0 + ) — H( 0~) its jump 

size at zero. And denote 5nH x = — H(^). Hence, provided H is right 

continuous at zero, 5nH_\ converges to 5H{ 0). 

• Given a function g : [0,T] x T, we write down gt(u) to denote g(t,u). 
It should not be misunderstood with the notation for time derivative, namely 
d t g(t,u). 


• Given a non-negative integer k, denote by C k (T) the set of real-valued 
functions with domain T with continuous derivatives up to order k. As natural, 
C(T) denotes the set of continuous functions. For non-negative integers j and k, 
denote by C' J,fe ([0,T] x T) the set of real valued functions with domain [0,T] x 
T with continuous derivatives up to order j in the first variable (time), and 
continuous derivatives up to order k in the second variable (space). 

• The notation Ck means compact support contained in [0,T] x (0,1). For 
instance, Cj(’ fe ([0, T ] x (0,1)) denotes the subset of C^ k {[ 0, T\ x (0,1)) composed 
of functions with compact support contained in [0,T] x (0,1). 

• The notation g(N) = 0(f(N)) means g(N) is bounded from above by 
Cf(N), where the constant C does not depend on N. The notation g(N) = 
o(f(N)) means lim g(N)/f(N)=0. 

iV—>• OO 

• Despite we have denoted (tt^ ,H) = jj Sa-eTw the bracket (•, •) 

will also mean the inner product in L 2 (T) and in L 2 [0,1]. The double bracket 
((-,■)) will denote the inner product in L 2 ([0,T] x T). 

2.2. The hydrodynamic equation 

The slow bond, as we will see, yields a discontinuity at the origin in the con¬ 
tinuum limit. Therefore, discontinuous functions at the origin are naturally re¬ 
quired. 

Definition 2.3. Denote by C 1,2 ([0, T] x [0,1]) the space of functions H : [0, T] x 
T — > K such that 

1. H restricted to [0,T] x T\{0} belongs to C 1,2 ([0,T] x T\{0}); 

2. Identifying TT\{0} with the open interval (0,1), H has a C 1,2 extension to 
[0, T\ x [0,1]; 


3. For any t G [0 ,T\, H is right continuous at zero, i.e., H(t,0) = \im x ^. 0 + H(t,x). 
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This space of test functions should not be misunderstood with C 1,2 ([0, T] xT). 
In words, a function H belongs to this space C 1,2 ([0,T] x [0,1]) if, “opening” 
the torus at 0, the function has a C 1,2 extension to the closed interval [0,1]. 

The bracket (•, •) will denote indistinctly the inner product in L 2 (T) and in 
L 2 [0,1]. Let L 2 ([0,T] x T) be the Hilbert space of measurable functions H : 
[0, T] x T —> R such that 

/ / (*(- , u)) 2 duds < oo , 

J 0 J T 

endowed with the inner product ((•, •}} defined by 

(( H,G )) = f f H(s,u) G(s,u) duds. 

Jo J T 

Definition 2.4 (Sobolev Space). Let'H 1 ( 0,1) be the set of all locally summable 
functions ( : (0, 1) — > R such that there exists a function d u (f £ L 2 (0, 1) satisfy¬ 
ing (d u G,C,) = — (G, d u Q, for all G £ C£°((0,1)). For ( £ 'H 1 (0, 1), we define 
the norm 

IICII'H i (o,i) : = (JICIIl2(o,i) + II^CIIl2(o,i)) 

Let be the space of all measurable functions f : [0,T] —> 

0,1) such that 


ll^lli 2 (0,T;W 1 (0. 1 )) / ll^ t llw 1 (o,i) ^ < 00 ■ 

Jo 

We refer the reader to [Evans, Leoni, TE] for more on Sobolev spaces. 

Remark 2.5. An equivalent and useful definition for the Sobolev space L 2 ( 0, T; 'H 1 ( 0,1)) 
is the set of bounded functions £ : [0, T] x T —>■ K. such that there exists a function 
£ L 2 ([0,T] x T) satisfying 


((duH,0) = ~((H,dO), 
for all functions H £ C°’ 1 ([0,T] x (0,1)). 

Definition 2.6 (The hydrodynamic equation for the SSEP with a slow bond). 
Consider a measurable density profile 7 : T —> [0,1]. A function p : [0,T] x T —> 
[ 0 , 1 ] is said to be a weak solution of the parabolic differential equation with 
Robin boundary conditions 

( d t p = A p 

{ Po(-) = 70) (2-6) 

[ d u pt( 0 +) = d u p t { CT) = p t ( 0 +) - p t (0 ~), 
if the following two conditions are fulfilled: 


(1) p£L 2 (f) 1 T-U 1 ( 0,1)); 
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(2) For all functions G £ C 1,2 ([0,T] x [0,1]) and for all t £ [0,T], p satisfies 
the integral equation 

( Pt , G t ) - ( 7) Go) = f ( Ps , (d e + A )G s )ds 
Jo 

+ [ {p s (0+)d u G s (0+) - p s (0~)d u G s (0~)}ds (2.7) 

JO 

- [ {ps(0 + )-Ps(0-))(G s (0 + )-G s (0~))ds. 

Jo 

Assumption ( 1 ) guarantees that the boundary integrals are well defined, see 
[Evans, Leoni] on the notion of trace of Sobolev spaces. The Robin (mixed) 
boundary conditions in (2.6) can be interpreted as the Fick Law at the point 
x = 0. This is discussed in more detail in [FGN1]. The uniqueness and existence 
of weak solutions of (2.6) was proved in [FGN2]. Moreover, it was proved in 
[FL, FGN1, FGN2] that 

Theorem 2.7. Fix a measurable density profile 7 : T —> [0,1] and consider a 
sequence of probability measures /in on Qn associated to 7 in the sense (2.3). 
Then, for any t £ [0,T], 


lim P 

N—too 




jr Y G (#) T lt( x ) 


G{u) pt(u) du 



( 2 . 8 ) 


for every 5 > 0 and every function G £ C(T). Here, p is the unique weak 
solution of the linear partial differential equation ( 2 . 6 ) with p 0 = 7 . 

We notice that the result above is a particular case of that considered in [FL] , 
being the characterization in terms of a classical partial differential equation 
given in [FGN1, FGN2]. Moreover, the statement (2.8) is equivalent to say that 
71 converges in probability to pt{u)du. 


2.3. The Weakly Asymmetric Exclusion Process with a slow bond 


In order to obtain the Large Deviations of a Markov process, a natural step is to 
prove the LLN for a class of perturbations of the original Markov process. In our 
case, the correct perturbations will be given by the class of weakly asymmetric 
exclusion processes with a slow bond , to be defined ahead. For short, we will call 
it just WASEP with a slow bond. 

Recall Definition 2.3. Given a function H £ G 1 , 2 ([0,T] x [0,1]), consider 
the time non-homogeneous Markov process whose generator at time t acts on 
functions / : f 2 jv —> ®. as 


(Ln,JM= Y] ^ e Ht ^ ) ~ Htm v(.x)(l-y{x+l))\f{if' x+1 )- f{y) 


xGT n 


+ e Ht( ' * y{x+l)(l — y(x)) 

x£Tn 


f(v x ’ x+1 ) - m 


(2.9) 
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where rj x,x+1 is defined in (2.2) and 




if x £ Tjv\{— 1} 
if x = — 1. 


( 2 . 10 ) 


In the particular case H is a constant function, the generator t turns out to 
be equal to the generator Ln defined in (2.1). We emphasize that the asymmetry 


is weak in all the bonds except at the bond of vertices —1,0. Since the function 
H is possibly discontinuous at the origin, the asymmetry in that bond does not 
go to zero in the limit, appearing indeed in the lrydrodynamical equation. 

Let {pf 1 ; t > 0} be the non-homogeneous Markov process with generator 
L jy t defined in (2.9) speeded up by TV 2 . Given a probability measure pn on 
denote by the probability measure on the space of trajectories V induced 
by the Markov process {p^ ; t > 0} starting from the measure pn- 

The empirical measure corresponding to {pf 1 ; t > 0} is defined in the 
same way of (2.5). Denote X (a) = a (l ~ a ) the mobility function and 5H t { 0) = 
H t ( 0 + ) — Ht(0~). Next, we present the hydrodynamic equation for the WASEP 
with a slow bond. 

Definition 2.8. Let 7 : T — > R be a bounded density profile and fix H £ 
C 1,2 ([0,T] x [0,1]). A function p : [0,T] x T —> [0,1] is said to be a weak 
solution of the partial differential equation 


d t p = Ap-2d u (x(p)d u H) 

Po(') = 7(0 

d uPt (0+) = 2 X (pt(0 + ))d u H t (0+)-v t (p,H), 
d uP t( O’) = 2x(pt(0~)) d u H t (0-) - <p t (p,H), 


( 2 . 11 ) 


where 


p t (p, H) = Pt ( 0-)(l - Pt ( 0+)) e SH *W _ Pt (0+)(1 - Pt ( 0-)) e~ SH 'W , (2.12) 
if the following two conditions are fulfilled: 

(1) p£L 2 (0,T;U\ 0,1)); 

(2) For all functions G in C' 1,2 ([0,T] x [0,1]), and all t £ [0,T], p satisfies 


the integral equation 



(2.13) 
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Remark 2.9. Any classical solution of (2.11) is actually a weak solution of 
(2.11). To verify it, suppose that p is a classical solution. Then, multiply both 
sides of the partial differential equation (2.11) by a test function G and inte¬ 
grate in time and space. Performing twice integration by parts and applying the 
boundary conditions leads to the integral equation (2.13). 

We emphasize the fact we were not able to show uniqueness of weak so¬ 
lutions of (2.11) despite the effort of different techniques we have tried. The 
non-linearity in mixed boundary conditions of ( 2 . 11 ) lead to a very complicated 
problem of uniqueness. Sustaining our point of view that this is only a technical 
question, in Subsection A we prove uniqueness of strong solutions of (2.11). 

Existence of weak solutions of (2.11) is a consequence of the tightness of 
the process, as we will see in Section 4. The assumption on uniqueness of weak 
solutions of ( 2 . 11 ) is also needed in the proof of large deviations, because its 
proof depends on the hydrodynamic limit for the WASEP with a slow bond. 

Our first result is the hydrodynamic limit for the WASEP with a slow bond: 

Theorem 2.10. Suppose uniqueness of weak solutions of PDE (2.11). Let H £ 
C 1 , 2 ([0,T] x [0,1]). Fix a continuous initial profile 7 : T —> [0,1] and consider 
a sequence of probability measures pn on {0, l} Tw associated to 7 in the sense 
(2.3). Then, for any t £ [0,T], 


lim P 

N—too 


H 

UN 




G(u) pt(u) du 


> 5 


= 0 . 


zETjv 

for every S > 0 and every function G £ C(T), where p is the unique weak 
solution of (2.11) with po = 7. 


2 . 4 . Large deviations principle 

Denote by Mo the subset of M of all absolutely continuous measures with 
density bounded by 1 : 

Mo = jw £ M ; uj(du) = p(u) du and 0 < p < 1 almost surely j . 

The set Mo is a closed subset of M endowed with the weak topology. This 
property is inherited by 'Z?([0, T\, Mo ), which is a closed subset of V M for the 
Skorohod topology. We will denote 2?([0, T], Mo) simply by T>m 0 - 

Definition 2.11. Given H £ C'^’ 1 ([0, X 1 ] x (0, 1)) define £h ■ T> M ->IU { 00 } 
by 

^ / x = f ((d u H, p)) — 2((H, H)) , if tt£V Mo and Tr(du) = p(t,u) du , 

| 00 , otherwise. 

Furthermore, define the energy functional £ : Vj^ — > R + U { 00 } by 

£(n) = sup£ H (n ), 

H 


(2.14) 
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where the supremum is taken over functions H £ C^’ ([0, T] x (0,1)). 

In Section 3.5 we prove that if n £ T>m and £(tt) < oo, then there exists 
p £ L 2 (0,T;'H 1 {0, 1)) such that n(t, du ) = p t {u)du. Keeping this in mind, given 
H £ C 1,2 ([0,T] x [0,1]) and n £ T>m, define 


Jh( 7r) = £h{ 7r) - <&h( 7t) , 


(2.15) 


where 


£h{ tt) = (pt,H t ) - {po,H 0 ) - [ {p t , (d t + A)H t ) dt 

Jo 

- [ {p t (0 + )d u H t (0 + ) - p t (0-)d u H t (0~)}dt 
Jo 


(2.16) 


( Pt {0+)~ p t (0~))6H t (0)dt 


and 


$h(tt) = / ( X (Pt),(d u H t ) 2 )dt+ / p t (0 )(1 — pt(0 + )) dt 


Pt(° + )(1 - Pt(0 ))ip(-6H t (0))dt, 


(2.17) 


where ip(x) = e x — x— 1 and SH t (0) = H t (0 + ) — H t (0 ). It is worth highlighting 
that, as functions of H, £h{k) is linear and <&h (tt) is convex. 

Definition 2.12. Given H £ C' 1,2 ([0,T] x [0,1]), define the functional Jh ■ 
T>m ->tU {oo} by 

J h (tt) = { < 00 > 

\ oo, otherwise. 

Definition 2.13. Let the rate functional I : T>m —> R + U {oo} be 


/(tt) = sup J H ( 7r) , 

H 

being the supremum above over functions H € C 1,2 ([0,T] x [0,1]). 

The large deviations study is decomposed in the study of deviations from the 
initial measure and deviations from the expected trajectory, see [KL, Chapter 
10]. Since the large deviations for Bernoulli product measures are well known, 
we restrict ourselves to the deviations from the expected trajectory. We start 
henceforth the process from a sequence of deterministic initial configurations. 
This avoids the analysis of statical large deviations, since we interested here in 
dynamical large deviations. Recall that Q')[ v is the measure on the path space 
T>m induced by the initial measure hn and the empirical process introduced 
in (2.5). We are now in position to state the main result of the paper. 
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Theorem 2.14. Let /in be a sequence of deterministic initial configurations 
associated to a bounded density profile 7 : T — > M in the sense of the Definition 
2.2. Then, the sequence of measures {Q^ n ',N > 1} satisfies the following large 
deviation estimates: 

(i) Upper bound: For any C closed subset of Dm, 

ET^logQ" [C] < -M/M. 


(ii) Lower bound for smooth profiles: For any O open subset of Dm, 

Jim Jr log Qg N [ O ] > - mf s 1(f), 

N—too p 7reOnx>s, o 

where D S M denotes the set of paths n € Dm such that n t (du) = pt(u) du with 
p€C 1 ' 2 ([0,T] x [0,1]). 

The item (i) of theorem above is proved in Section 5. The proof of item (ii) 
is presented in Section 6. 

3. Superexponential replacement lemmas and energy estimate 

Both in the proof of hydrodynamic limit for the WASEP with a slow bond 
and in the proof of the large deviations principle for the SSEP with a slow 
bond, replacement lemma and energy estimates play an important role. By a 
replacement lemma we mean a result that allows to replace the average time 
occupation in a site for the average time occupation in a box around that site. 
And by energy estimates we mean a result assuring that time trajectories of 
the empirical measure are asymptotically close to elements of a certain Sobolev 
space. 

In the proof of large deviations we will need such results in a superexponential 
setting. In other words, the corresponding probabilities must converge to one in 
a faster way than exponentially. 

3.1. Definitions and estimates lemmas 

Denote by H(p^\vff) the entropy of a probability measure pjg with respect to 
the invariant measure vff . For a precise definition and properties of the entropy, 
see [KL]. It is well known the existence of a constant Kq := A'o(a) such that 

h (»nK) < KqN , (3.1) 

for any probability measure pn in fi^r. See for instance the appendix of [FGN1]. 
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Denote by (-, -) v n the scalar product of L 2 {v£ ) and denote by Sat the Dirich- 
let form, which is the convex and lower semicontinuous functional (see [KL, 
Corollary Al.10.3]) defined by 

® jv (/) = (~L Ny /f , \/f) v N , 

where / is a probability density with respect to (i.e. f > 0 and / fdv^ =1). 
An elementary computation shows that 

$M/) = Ey/ (VAv x ’ x+1 )-Fm) 2 d^(v), 

x£T N 

where is defined in (2.10). 

From this point on, abusing of notation, we denote the biggest integer small 
or equal to eN simply by eN. Next, we define the local average of particles, 
which corresponds to the mean occupation in a box around a given site. The 
idea is to define a box around the site x in such a way it avoids the slow bond. 

Definition 3.1. If x G Tjv is such that € T\(—£,0), we define the local 
average by 

x-\-eN 

V sN {x ) = jr ^iv)- 

y=x +1 

If € (—e,0), define the local average by 


V eN (x) = w H ? ?( V )■ 

y=—eN 

In accordance with to the previous definition of local density of particles, we 
define an approximation of identity L e in the continuous torus by 

f il (v,v+e)(u), if UGT\(-£,0), 

L e (u,v) = < (3.2) 

{ l l(- e ,0)(«), if V G (-£,0). 

We also define the convolution 

{ip * i E ){v) = (ip,i E (-,v )), 

for a function ip : T —> R or a measure ip on the torus T. The following identity 
is relevant: 

(n N *is)(j?) = rf N {x), for all xSTat. (3.3) 

To simplify notation, define the functions 

9i ■ {0,1} T ->R by 51(77) = r?(0)(l - ??(!)) 


(3.4) 
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and 

Also, 


9i : [0,1] x [0,1] -> K by gi{a,/3) = a(l - /3). 
92 - {0,1} T -> R by 32 ( 17 ) = ?7(1)(1 - i?(0)) 


(3.5) 


and 

32 : [0,1] x [0,1] —>• R by g 2 (a, (3) = /3( 1 - a). 

Lemma 3.2. Fix F : T — > K and let f be a density with respect to ■ Then, 
for any A > 0 hold the inequalities 


7/ J F (f ){ T ^i(i7) - 9i(v sN (x), V sN (x+l))}f(r]) dv*(g) 

x^—1 J 

< 12 Ae Y , ( F (#)) 2 + 3 *>"(/), 

X^ — l 


jf E / F(§){ V (x)- V ^(x)}f( V )d^(r ] ) 
x£Tn 

< 4Ae Y ( F (w)) 2 + 3®iv(/), 

xETjv 


F (w) J { T -i9i(v)-9i(v sN (-l),V sN (Q))}f(v)dv£(r]) 

< 6 AeN(F(^-)) 2 + %V N (f), 

J {n{x) - g eN {x)}f{rj) dv* ( 77 ) < 4NAe + A ® N (f) , Vx <£ , 


with i = 1 , 2 . 


(3.7) 


(3.8) 

(3.9) 


Proof. The method of proof for the four inequalities is exactly the same. For 
this reason, we detail only the inequality (3.6) with 7=1. The reader can 
check the remaining inequalities. First, adding and subtracting terms, we rewrite 
T x gi(v) - gi{v £N (x),if N {x+l)) as 


7 ?(x) - r] eN (x) - 77 (x)(? 7 (x+l) - v eN (x+l)) - r/ eN (x+l)(r](x) - if N (x )). (3.10) 


We handle the parcel rj(x)(ri(x+ 1) — rj eN (x+l)) of above first. We claim that 
for / density with respect to v™ and for any A > 0, it is true that 


7 r Y J F (jf) r l(x)\v(xFf) — rj sN {x+1)^ f (rj) dv^ {rf) 

x^—1 J 

<4Ae Y ( F (§)) 2 + A®N(f). 

X^—l 


(3.11) 
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Recall Definition 3.1. Let x be such that 2 ±I ^ (— er, 0]. In this case, 


J F(fMx)(v{x+l) ~ if N (x+l ))/(??) dv™ (■ r ]) 

F (§M x ){-^ J2 (v{x+i)-v(y))}f(v)d^(v)- 

y=x +2 

Replacing 77 ( 2 ;+1) — rj(y) by a telescopic sum, one can rewrite the expression 
above as 




dvaid)- 


Rewriting the last expression as twice the half and making the change of vari¬ 
ables 77 1 —^ r/ z,z+1 (and using that the probability is invariant for this map) 
it becomes 

m+l+EiV y —1 . 

2sv E E ) / v(x)(v(z) v(z+mm - mm) <k w ■ 

y=x +2 z=x +1 


By means of a — b = (y/a — y/b)(y/a + Vb) and the Cauchy-Schwarz inequality, 
we bound the previous expression from above by 

x+l+sN y —1 , „ 

2 7W )) 2 / (Vm + VKv z,z+1 )) dv%{rj) 

y=x+2 z=x -\-1 _ | 

tc+l+eAT 3 /—1 

+ ^_ V V £ 

^ 2e7V Z-* A 

2/=x+2 z=oi+1 


J (Vm- v70/ z,z+1 )) dv*(ri), 


for any Z > 0 and where + was defined in (2.10). The second sum above is 
bounded by 

x “I - 1-|-£ JY 

a^n J2 %■ / {sfm~ V.f(y z,z+1 )) dv™ (rj) < . 

y=:r+2 zGTTjv 

Since = 1 for all z G {a; + 1,..., x + efV} and / is a density with respect to 
, the first term in (3.12) is bounded by 


x+l+sN y —1 

3 v £ £ 2Z(F(f)) 2 <2 AeN(F{%)) 2 . 

y=x -\-2 2 =:e +1 

Therefore, for any site a; such that 2 ±_ ^ (—e, 0], 


JF(f)r,(x)(v(x+1) - rf+z+l))/^) <&£(»?) < 2 AeN(F{§)) 2 + F D N (f) • 
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Now, let a; be a site such that £ (—e, 0]. In this case, 

J F (t?M x )(v(x+ 1) ~ V eN ( X + 1 ))f( r l) d "a (v) 

= [ F (§)v( x ){-^f M x +^)-v(y))}f{r])d^{v)- 

J y=—eN 

We split the last sum into two blocks: {—1 — eN + 1,..., x} and {z +1,..., — 1}. 
Then we proceed by writing r](x+l) — r](y) as a telescopic sum, getting 

/ :X X 

v(x){-^ '52('n( z + 1 )-'n(z))}f(,v) d Va(.v) 

y=—eN z=y 

+ F (j[) [ v( x ){tn Yi ( r l{z)-v( z +l))}f{v) d Va(v)- 

y=x -\-2 z=x -\-1 

By the same arguments used above and since ^ = 1 for all 2 in the range 
{—eN, ..., —2}, we bound the previous expression by 

4 AeN(F(§)) 2 + F ® N (f). 

This proves (3.11). Analogous bounds for the remaining parcels in (3.10) lead 
to (3.6). 

□ 

Lemma 3.3. Fix any function H : T —► R and let f be a density with respect 
to ■ Then, 

J dv H #(# ){ r l(x-£ N )-v(x)}f{v)dVa(v) 

< NVy{f) + ±^2 ( H (* )) 2 {i + )} ■ 

xETn 

Moreover, this inequality remains valid replacing {rj(x — eN) — r](x)} by {r](x) — 
r](x + eN)}. 

Proof. We begin by writing the left hand side of inequality (3.13) as a telescopic 
sum: 

/ if E H (lfr){v(xo)-v{xi)}f(v)dVa (r?) 
x£Tn 

= tn Y h (tt ) Y J {v(y)-v(.y + ^)}f(v)dtyaiv), 

x^Tn y=x 0 

where xo = x—eN and x\ = x (or xo = x and X\ = x + eN for the second case). 
Rewrite the expression above as twice the half. Then, making the changing of 
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variables rj H > r/ x ' x+1 on one piece and applying Young’s inequality, we bound 
the previous expression by 

3?1 l/> ^ 

w E (^(f)) 2 E 4E {Vm+Vf(v v ’ v+i )} dvZiv) 

z£T N ^ y=x o * (3i4) 

+ dv E El a[ {vTE- Vf(v y ’ y+1 ) } dv%{rj), VAX), 

rcETjv y=xo 

where ^ was defined in (2.10). The second sum above is less than or equal 
to ■jSjv(/). Since / is a density with respect to , the first sum in (3.14) is 
smaller or equal than 

dv E ( ff (#)) 2 E f < I# E (^(f)) 2 {eiV + iVl(- £ , 0 ](f)}. 

aiGTiv y=xo xETn 

This inequality is true for xo = x — eN and x\ = x or xq = x and x\ = x + eN. 
Choosing A = completes the proof. □ 


3.2. Superexponential replacement lemmas 


In the large deviations proof, the replacement lemma presented in Section 3.11 
is not enough, because we need to prove that the difference between cylinder 
functions and functions of the density field are superexponentially small, that 
is, of order smaller that exp{— CN}, for any C > 0. We begin by exhibiting a 
superexponential replacement for the invariant measure • 

Proposition 3.4. Let Fi: [0, T] x T —> K, * = 1, 2, such that 

lin ^ f ((^MC i\r)) 2 + if E ( F i(*’f)) 2 ) < 00 ■ 

^' 00 - 7 ° x^-l 


For each £ > 0, consider 

~ 7f E F dt’§){Txgi(ri)-gi{r] £N (x),r) £N {x + l))} 

Xy£~l 

+ F 2 (t , ^-)|r_i ffl (?7) - gi(v eN (0))} , 

where g\ and g± have been defined in (3.4). Then, for any 6 > 0, 


lim lim log P„n 

elO JV-> oo " 




>6 


—OO . 


(3.15) 


Finally, it is true the same result with g 2 and g 2 in lieu of g\ and g\. 
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Proof. By 

limiV -1 log{ajv + fov} = maxj lim N^ 1 logajv, limiV -1 logfovj , (3.16) 

it is enough to prove (3.15) without the absolute value for p2 and 
Let C > 0. By Chebyshev exponential inequality, we get 

r T i 

' v£ 1 f F ' 2 (s,r) s )ds > 8 


L J o 


< 


r 1 

exp{— C5N}F. v n expjcTV J V^ F2 (s,r] s ) ds^ . 


To conclude the proof it is enough to assure that 

rT 


lim lim -k log E,,iv 

£4.0 N-too iv 


exp | J CN V^f 2 ( t,r) t )dt | 


< 0 , 


(3.17) 


for every C > 0, because in this case we would have proved that left hand side of 
(3.15) is bounded from above by — CS for an arbitrary C > 0. By the Feynman- 
Kac formula, for each fixed N the previous expectation is bounded from above 

by T 

6XP ^ ii S / P I GN V ^ F2 v ' ) f( r, ' >du <x fa) “ N 2 D N (f) dtj , 

where the supremum is carried over all density functions / with respect to vff. 
Replacing the expression of (t./rf) and using the Lemma 3.2 (notice that 

this lemma works for gi and gf), we bound the expression in (3.17) by 


/ sup 

>o f 


6CAe{2 §))' + N(F 2 (t, ^)) 2 ) + f® w (/) - NQ N (f) 


dt. 


X^ — l 


Choosing A = the expression above becomes 

36C 2 e [ T U {Fi(k§)) 2 + (F2(t,^)) 2 ]dt, 

J ° xjt-l 

which vanishes as N — > oo and then e 0. □ 

Corollary 3.5. Under the same hypothesis of the Proposition 3-4, for any 8 > 0, 

n iu s “■ r-N 


lim lim -k log P„ 

e.|.0 AT-j-oo iv h 


V£'f a (t,rh)dt 


> 8 


= —OO . 


(3.18) 


Finally, the same result is still valid with g 2 and <72 in lieu of gi and g±. 
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Proof. By the bound uff (r/) > {a A (1 — a)) N , we get 


W 1 o S P un 

= w* S 

< Jf log 


V N^ F2 (^Vt)dt 


>8 


( E P r i 

[ v£f 2 (t, Vt )dt 

> 8 


Jo 



Hn(v) _ N 


V a (V) “ 




E 


(a A (1 — a)) N ^ 

, v ” tjefinr 


V iv'e Fa (t,Vt)dt 


1 ° S ( ( t ,Aa-a)) ) + ^ 1 ° eF “.[l/ V NpMit 


> 8 

> 8 


,N 


(v) 


Recalling Proposition 3.4 and 0 < a < 1, the limit (3.18) follows. □ 

Corollary 3.6. Given a bounded function F : [0,T] x T and x = —1 or x = 0, 
let 

^iv,e M) = F 0 > §){v(x) - V eN (x)} . 

Then, for any 8 > 0, 


lim lim -^logP MJV 
ej.0 iV-)-oo N * 


VN*{t,Vt)dt 


>8 


(3.19) 


Proof. We will prove the limit (3.19) for /zjv = i/£, to do this is enough to prove 


lim lim k log P w jv 

e 4.0 AT-s-oo iv 



dt > 5 


— 00 , 


for G = F and G = —F. This limit follows in the same sense as in the Proposi¬ 
tion 3.4 and using (3.9) from Lemma 3.2. The extension for a general /xat follows 
the same scheme in the proof of Corollary 3.5 and it is omitted here. 


□ 


The next lemma is useful to get the results of the Subsection 3.4 from the 
results of this subsection. 

Lemma 3.7. If for any function W^(t,r]t) uniformly bounded by C and for 
any 8 > 0 we have 


lim lim k log P 

e4-0 Af-s-oo JV 


UN 


W"(t,rh)dt 


>8 


— oo, 


then 


lim lim E,, „ 

e40 AT^oo Miv 



W e N (t,ri t )dt 


= 0 . 
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Proof. Using that W^(t, rj t ) is uniformly bounded by C, the expectation f 

is bounded from above by 




W/d (t, r) t ) dt 


< S 


■ CT¥ U 


W/f (t, 7] t ) dt 


> S 


for any 6 > 0. Since for all 5 > 0 and M > 0, there exists £o and Nq such that 

rT 


Wff (f, T} t ) dt 


> S 


< e 


-N M 


< S/C, VN > N 0 and Ve < £q , 


we have 


E„ 


W/f (t, rj t ) dt 


< 25 , \/N > N 0 and Ve < £q . 


which finishes the proof. 


□ 


3.3. Superexponential energy estimate 

Our goal here is to exclude trajectories with infinite energy in the large devia¬ 
tions regime. The next proposition is the key in the energy estimates. 

Proposition 3.8. Recall the Definition 2.11 of £jj. For any function H £ 
Cy/ ([0,T] x (0,1)), the following inequality holds: 


lim lim Ti og p 

e4,0 iV-s-oo N 


£h(i r * i E ) > l 


< -l+ K 0 , V/Gt. 


Proof. We begin by claiming that, for e > 0 small enough, 

r T r rT 


[ [ d v H(t,v)(TT? * L e ){v)dvdt = [ V H(t,§)[rft(x)-T}t(x + eN)]dt. 

o 0 «/T J 0 up 


(3.20) 

Since H has support contained in [0, T] x (T\{0}) (using the identification of 
(0,1) with T\{0}), there exists some £o > 0 such that H(t,v) vanishes if v € 
(—£ o ,£ 0 ), for all t £ [0,T]. Applying Fubini’s Theorem, 

f f d u H(t,v)(n? * i e )(v)dvdt= f ^ ^ yd u H(t,v)i e (§,v)dvjdt. 
JoJt Jo xe j N J t 

From the definition of i e given in (3.2) and taking 0 < £ < £o, the last expression 
is equal to 


f 7? H Vt(x)( f d u H{t,v)\l [V ' V+e) {jj)dv)dt 

J o xGTn 7 

pT 

= I ir E Vt(x)(ll T \ { _ E , £) (%)[H t (%)-H t (f-e)])dt. 

“ xeTftr 


(t, rjt) dt 
























T. Franco and A. Neumann/Large deviations for exclusion with a slow bond 


22 


Using again that H(t , v) vanishes if v G (—e, e), for all t G [0, T], the expression 
above is equal to 

f TnY, Vt{x)[H t (§) - H t (f - e)]dt , 

Jo x€T n 

proving the claim. Applying the definition of energy and (3.20), for e > 0 suffi¬ 
ciently small we have 

S H {TT N *i £ ) =( Jn ^2 H (t>§)[nt(x)-r]t(x + £N)\dt 
Jo 


0 aiGTiv 

- 2 r 


/ 0 J T 


{H(t,u)') dudt. 


Let us introduce the notation 


Vn(s,H, V ) := ^ f £ (H(f )) 2 . 

To achieve the statement of the proposition it is enough to have 


iimjim ]^logP MJV 


L J 0 


£4.0 N—too 

By the Chebyshev exponential inequality, 

ilogP^J f 

l J 0 


V N (e,H t ,r] t )dt > l 


< —l + An . 


V N (e, H t , rjt)dt > l 


< logE MAr exp | A" J V N (e,H f ,r} t )dt | 


-Z. 


From Jensen’s inequality, the entropy’s inequality and the bound (3.1) of the 
relative entropy, the expectation in the right hand side of inequality above is 
bounded from above by 

Jy 0 + A log E„jv exp^vj V N (e, H t ,r} t )dt} 

By the Feynman-Kac formula and the variational formula for the largest eigen¬ 
value of a symmetric operator, 

jf log E„w exp {Nj V N (e, H t .r) t )dt} 

-Jo sup {/ VN ( e ’ H t’ T >)fbi)d i 'a('n)- N ® N (f)}dt, 
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being the supremum above taken over all probability densities / with respect 
to . Recalling Lemma 3.3, we bound the last expression by 

7k E Wf)f dt - 

^-e(-e,o] 

Since H has compact support, for e > 0 small enough the expression above 
vanishes. □ 

Corollary 3.9. For any functions Hi ,..., Hk € C'°’ 1 ([0, T] x (0,1)) holds 



lim lim i? log P 

ej.0 N—too 


UN 


max £jj. (n N 
1 i<j<fc 1 


* t e )>l 


< —l + Rq ■ 


(3.21) 


Proof. Straightforward from Proposition 3.8 and inequalities (3.16) and 


exp 


{ 


max a 7 > < 
1 <j<k J J 


E ex p{ a j}• 

1 <j<k 


(3.22) 


□ 

We present the following lemma to get the results of the Subsection 3.5 from 
the results of this subsection. 

Lemma 3.10. If for any function W^(rj.) uniformly bounded by C and for any 
<£l, we have 


lim lim jf logP^ > l 

£4,0 N—^oo L 


< — £ + K 0 , 


then 


lim lim E 
£4,0 N—^oo 


UN 




< K 0 . 


Proof. As in Lemma 3.7, the expectation E^ 
by 


W e N ( V .) 


is bounded from above 


i +CT P 0 


W?(ri.)>£ 


for any I £ K.. Let <5 > 0. Take £ = Ko + <5, then there exists £q and Nq such 
that 


W?(ri.)>e 


< e~ 


-NS 


\/N > N 0 and Ve < eq , 


we have 


Thus 


E 


'MAT 


W?(rf.) <£ + e~ NS , V7V > N 0 and Ve < e 0 ■ 


lim lim E u 


£4,0 N—too 

for all S > 0, which finishes the proof. 


WT(»?■) 


< £ = K 0 +S, 


□ 
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3.4- Replacement Lemma 


Proposition 3.11 (Replacement Lemma). Let F : T -4 R be a bounded func¬ 
tion and (pn)n>i iny sequence of measures. Then, with i = 1,2, 


lim lim E„ w 

£40 N—>oo ^ 



[r x gi{r]s) - 9i (' rf a N (x), p e s N (x+ 1 )) j ds 


lim lim E MJV 

elO N ->oo 



E F (§)iVs(x) ~V e s N (x)}ds 

xGT jv 


= 0, 


= 0 , 

(3.23) 


UN 


lim lim E 

e^O N—too 

lim lim E, 




T -i9i(Vs) - 9i{v e s N {-l),'n e s N 
T 


ds 


= 0, Vte [0,T], 


= 0 , for x = — 1 , 0 . 


„ r-..\ [ {Vs(x)-rf s N (x)}ds 

£^0 iV—>-oo L Vo 

This proposition can be obtained as a consequence of the Lemma 3.7 and the 
Corollaries 3.5 and 3.6, but just for the sake of completeness we present here an 
alternative proof. 


Proof. We detail the proof of the first limit, being the others similar. By the 
definition of the entropy and Jensen’s inequality, the expectation in (3.23) is 
bounded from above by 


H{pn K) 
r)N 





E F (§)Mx) 



for all 7 > 0. In view of (3.1), it is enough to show that the second term vanishes 
as N —> oo and then e j, 0 for every 7 > 0. Since e' x \ < e x +e~ x , we may remove 
the absolute value inside the exponential. Thus, to complete the prove of this 
proposition, we need to show that 


^V l0 § E ^ 


ex P {7 f jf E PifjMx) ~ -n e s N (x)} ds} 

J ° i6T n 


goes to zero when TV —> 00 and then e J, 0. By the Feynman-Kac formula 1 , for 
each fixed TV the previous expression is bounded from above by 

t su P { /E E F (§)Hx)-V sN (x)}f(v)d^( V )~^ N (f)}, 

f x6Tat 


where the supremum is carried over all density functions / with respect to . 
From inequality (3.7) of the Lemma 3.2, the previous expression is less than or 
equal to 

tsup{4A- E )) 2 + 3 ®iv(/)-fDiv(/)}. 
f x£Tn 


1 c.f. [KL, Lemma 7.2, page 336] 
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Choosing A = jf , last expression becomes 

i -pY.(n§)) 2 , 

xGTjv 

which vanishes as N —> oo and then e j. 0, concluding the proof of first limit in 
statement of the lemma. □ 


3.5. Sobolev space 


We prove in this section that any limit point Q* of the sequence Q^ N is con¬ 
centrated on trajectories p(t,u)du which belongs to a certain Sobolev space to 
be defined ahead. Let Q* be a limit point of the sequence Q^ N along some 
subsequence. 

Proposition 3.12. The measure Q* is concentrated on paths pt(u)du such that 

p&l 2 (q,t-,u\ o , i )). 

The proof is based on the Riesz Representation Theorem and follows from 
the next lemma. 


Lemma 3.13. 


Eir 


sup 

L H 


| f f d u H(s,u) p s (u) duds — 2 f f H(s,u) 2 duds\ 

*■ Jo J t Jo Jt 


< K 0 , 


where the supremum is carried over all functions H in C^QC^T] x (0,1)). 

There are two ways to prove this lemma, the classical one is a consequence of 
several lemmas, which we present after the proof of Proposition 3.12, following 
the ideias of [FL]. The other one is just a consequence of the Corollary 3.9 and 
the Lemma 3.10. 

Proof of Proposition 3.12. Denote by £ : C£ ,:L ([0,7 1 ] x (0,1)) —> R the linear 
functional defined by 


£{H) = f f d u H(s,u) p s (u) duds. 

Jo J T 

Since C^ ,:L ([0,T] x (0,1)) is dense in L 2 ([0,T] x T), by Lemma 3.13, Q*-almost 
surely £ is a bounded linear functional on C®’ 1 ([0, T\ x (0,1)). Therefore we can 
extend £ to a Q*-almost surely bounded functional in L 2 ([0,T] x T). By the 
Riesz Representation Theorem, there exists a function G in L 2 ([0,T] x T) such 
that 

£{H) = — f f H(s,u) G(s,u) duds , 

Jo J T 


concluding the proof. 


□ 
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For a function H : T — > R, e > 0 and a positive integer TV, define Un(e, H , rj) 
by 

U N {e,H,rj) H< <{n( x ~ eN ) ~ T l( x )} 

x6Tjv (3.24) 

— 7f + l 1 (-e.0](^)} • 

xETn 


Recall the definition of the constant Kq given in (3.1). 

Lemma 3.14. For k > 1, let Hi, ..., Hk : [0, T] x T —> R be bounded functions. 
Then, for every e > 0, 


lim lim E WIV max 
<40 N—too L l<i<k 



U N (e,Hi(8,-),rf a N ) 



< K 0 . 


Proof. By Proposition 3.11, in order to prove this lemma it is sufficient to show 
that 


lim E u „ max 
N—too L l<i<k 


j U N (e,Hi(s,-),ris)ds}^ 


< Ko. 


By the definition of the entropy and Jensen’s inequality, the previous expectation 
is bounded from above by 


H(mK) 

N 


N 


log E„* 


r T 

exp | max jiV / U N {e, H^s, •), r] s ) dsjjj . 


By (3.1), the first parcel above is smaller than Kq. By (3.22) and (3.16), the 
limit as N —> oo of the previous expression is bounded from above by 

Ko + max lim -b-logE„iv exp \ N / Un(e, Hi(s, •), Vs) ds \ 

l<i<k iV—>oo a L Jq ) . 


We claim that the the lim sup above is non positive for each fixed i (and therefore 
the maximum in i = 1,..., k). Fix 1 < i < k. By Feynman-Kac’s formula 2 and 
the variational formula for the largest eigenvalue of a symmetric operator, for 
each fixed N, the second term in the previous expression is bounded from above 

by T 

Jo S / P< *-/ UN ^ £,Hi ^ s, ^ ,ris ^( T l') du a(v) ~ KS) N (f)}ds. 

In last formula the supremum is taken over all probability densities / with 
respect to . Applying Lemma 3.3 finishes the proof. □ 

Proof of the Lemma 3.13. Consider a sequence {Hg, £ > 1} dense in C°’ ([0, T] x 
(0,1)) with respect to the norm ||ii r || 00 + ||oo- Recall that we suppose that 


2 See [KL], Lemma 7.2, p. 336. 
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) N 


converges to Q*. By Lemma 3.14, for every k > 1, 


lim En* max 
54.0 Ll <i<k 


{y f [ Hi(s,u)[p s s {u- e) - p s 8 (u)]duds 
K JO J T 
rT r 

(J?i(s,u)) {1 + il(_ £)0 ](w)}rfwrfs| 


- 2 


>0 j T 


< Kq . 


where p s (u) := (p* ls)(u). Letting S 0, we obtain 


Ec. 


max 
L 1< 


l£lX 1 E 

i<k L e 


- 2 


/ 0 dT 

Changing variables in the first integral 

rT r 


Hi(s,u) [p s (u - e) - p s [u)\ duds 

J J ( H i(s,u)) 2 {1 + |l(_ ei0 ](u)}duds|j < K 0 . 


r 0 J T 


E<n 


max 

l<i<k 


0 j T 

-,r 


1 0 J T 


- [Hi(s,u + e) — Hi(s,u)]p s (u) duds 
( Hi(s,u )) 2 {1 + il(_ £) o](u)}duds| 


< K 0 . 


Since Hi £ C'j/ 1 ([0, T] x (0,1)), this function vanishes in a neighborhood of zero. 
Making e 4- 0 in the last inequality, we obtain 


En* 


max 
L Ki<k I 


j / / d u Hi(s,u)p s (u)duds — 2 / / (id,;(s, u)) 2 du ds j 

^ do dT do J T J 


< A' 0 . 


To conclude it remains to apply the Monotone Convergence Theorem and recall 
that {He, l> 1} is a dense sequence. 

□ 


4. Hydrodynamic limit of the WASEP with a slow bond 

Fix a function H £ C 1,2 ([0, T] x [0,1]). The probability corresponds to 
the non-homogeneous Markov process pt = Pt 1 with generator L jy defined in 
(2.9) accelerated by N 2 and with initial measure pn- We remark that pn is not 
invariant. Denote by Qff N the probability measure on the space of trajectories 
T>m induced by the empirical measure . 

Proposition 4.1. Consider a bounded density profile po '■ T —> R and H £ 
C 1,2 ([0,T] x [0,1]). The sequence of probabilities {Q^ N ; N > 1} converges in 
distribution to the probability measure concentrated on the absolutely continuous 
path 7r t(du) = pt{u)du, where density pt{u) is the unique weak solution of the 
partial differential equation (2.11). 
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Observe that the Theorem 2.10 is a corollary of the previous proposition. The 
proof of above is divided in two parts. In Subsection 4.1, we show that the se¬ 
quence {Q^ w ; N > 1} is tight. Subsection 4.4 is reserved to the characterization 
of limit points of the sequence. 

Uniqueness of limit points is assumed, since we were not able to prove unique¬ 
ness of weak solutions of the partial differential equation (2.11). Additionally, 
uniqueness of strong solutions of (2.11) is presented in Appendix A. 


4-1- Tightness 


In this subsection we present the tightness of {Q^ w }. 

Proposition 4.2. For fixed H £ C 1,2 ([0,T] x [0,1]), the sequence of measures 
{Q^ n ; N > 1} is tight in the Skorohod topology o/D^. 

Proof. In order to prove tightness of the sequence of measures {Q^ N : N > 1} 
induced in the Skorohod space T>m by the random elements {7r) v : 0 < t < T} 
it is suficient to prove that the sequence of stochastic processes , Ft) is tight. 
We begin by considering the martingale 




with H,G £ C 1,2 ([0, T ] x [0,1]). To prove tightness would be enough to handle 
the martingale above in the case G £ C 2 (T). However, for future applications 
in the characterization of limit points, we treat here the slightly more general 
setting G £ C 1,2 ([0,T] x [0,1]). 

First, let us show that the L 2 (Pj? N ) -norm of this martingale vanishes as N —> 
oo. The quadratic variation of M$ t (G) is given by 


(M"(G)) t = / N 2 


t h 


(^,G s y-2(n?,G s )L«(n»,G s ) 


ds. 


Applying definition (2.9), the quadratic variation (Mfi(G))t can be rewritten 
as 


'o 


E 

x€Tn 


(5 N G X ) 2 e SNHx r) s {x){l-r]s(x + l)) + e 5nHx t] s {x+ l)(l-g s {x)) 


ds 


where 5^F X denotes F s (^-) — F s (j |) and ^ = N~ 1 if x = —1, and = 1 
otherwise. We observe that i 5nF x depends on s, but the dependence is dropped 
by convenience of notation. Since H,G £ C' 1,2 ([0,T] x [0,1]), the expression 
above for the quadratic variation can be easily bounded by A^ _1 times a constant 
not depending on N. By Doob inequality, we conclude that the supremum norm 
of the martingale Mff t (G) goes to zero in probability as N goes to infinity. Hence 
{M^ fiG )}AfeN is tight. 
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Expression (ttq ■ Go) is bounded and constant in time, thus tight as well. It 
remains to analyze the tightness of the integral term in (4.1). Using Taylor’s 
expansion in the exponentials and performing some elementary computations, 
expression N 2 L^ s (tt^, G s ) can be written in the form 


N J2 Vs(x)[G s (^) + G s (^)-2G s (§) 

x^-1,0 

+ N ^2 [vs{x){ 1 - r] s (x+l)) + T] s (x+ 1)(1 - rj s (x )) ( 5 N H X ) ( 5 N G X ) 


(4.2) 


+ [t7 s (-1)(1 - t) 8 (0 )) e 5 » H -' - ?7s(0)(l - %(-!)) 


SnG _! 


+ N 


i1s(0)SnGo — r] s (— 1 )SnG-2 +Oh,g{jj-)- 


Again by smoothness of H and G, the expression above is uniformly bounded 
in time. Hence, this integral term in (4.1) is uniformly continuous. By Arzela- 
Ascoli, the integral term is relatively compact, therefore tight. Since a finite sum 
of tight stochastic processes is tight, the proof is finished. 

□ 


4-2. Radon-Nikodym derivative 

In this section we deal with the Radon-Nikodym derivative between the SSEP 
with a slow bond and the WASEP with a slow bond. Its formula will be usefull 
both in the proof of the hydrodynamic limit for the WASEP with a slow bond 
and in the proof of the large deviations for the SSEP with a slow bond. 

By (dP^ /dP w ) ( t ) we denote the Radon-Nikodym derivative of F^ N with 
respect to P^ restricted to the a -algebra generated by {rj s , 0 < s < t}. It is a 
general fact of stochastic processes that (dP^ N /dP /iJV )(t) is a mean-one positive 
martingale. The explicit formula of the Radon-Nikodym derivative between two 
Markov process on a countable space state 3 shows that (dP^ w /dP MJV ) (T) is 
equal to 



(4.3) 


We are going to write just dP^/dP^, for dP^/dP^ (T), since the time hori¬ 
zon T > 0 is fixed. Recall the notation 8nH x = Performing 


3 See Appendix of [KL] 
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elementary calculations, we can rewrite (4.3) as 

exp |iV(7r^, H t ) - N(tt^,H 0 ) - N <7rf, d t H t ) dt 

-N 2 [ ZxVt(x)(l-rit(x+l))(e 5NH * - l) dt ( 4 . 4 ) 

-N 2 [ Vt{x + 1){1 - Vt{x)) (e~ 5NHx — 1) rft \ . 

"'° ®gt n J 


Since H e C' 1,2 ([0, T] x [0, 1]), by Taylor’s expansion and the inequality \e u — 
1 — u — (1/2)w 2 | < (l/6)|u| 3 el“l, we observe that all the expressions 

• jf Ex#- 1,0 Vt{x)N 2 (5 N H x - (Jjvffx-i) - ^ ExgTjv Vt(x)d 2 H t (§), 

. jv 2 ( e ±5 "*» T - 1) - §(0«flt) 2 (#) 

• N5 n H 0 - d u H t {jj) and N8 n H_ 2 - d u H t (=^) 

are, in modulus, of order j?. Putting together the facts above, we can rewrite 
(4.4) as 


exp < N 


«, H T ) - «, Ho) - / «, (d t + A )H t ) dt 


J {Th(0)duHt(%)-r)t(-l)duHt(^)}dt + O H ,T(jf) 

J o Tf [vt(x)(l-Vt(x + l)) +Vt(x + l)(l- vt(x) \(d u Ht) 2 (f) 


dt 


x ^—1 


- / ^(-lX 1 -»?i(0))(e' 5jvff - 1 -l)dt-/ 7?t(0)(l-7? t (-l))(e s » H -i-l)dt 


(4.5) 


As we shall see, the expression above is enough in order to prove the hydro- 
dynamical limit of the WASEP with a slow bond. Further estimates on the 
Radon-Nikodym derivative will be presented at Section 5. 


4-3. Sobolev space 

In this section, we prove that any limit point Q(X of the sequence Q^ N is con¬ 
centrated on trajectories p t (u)du belonging the Sobolev space of Definition 2.4. 
By expression (4.5), there exists a constant C(H,T) > 0 not depending on N 
such that 

< exp {C(H,T)N}. (4.6) 


dlC 

dP/ijv 










T. Franco and A. Neumann/Large deviations for exclusion with a slow bond 


31 


Proposition 4.3. Given a bounded function G : T — > R, then, for all t £ [0,T], 


lim lim E(L 


£—^0 N ->oo 


H 


it Y G (f){vs{x) - v £ s N ( x )} ds 


x£T n 


= 0, 


lim lim E 

£—^0 iV—>-oo 1 

and 

lim lim E 
£—>•0 N—too 


7f Y g (§){ t x 9 i(Vs) - gi(Vs eN (x),Vs sN Or+l))}ds 


x^—1 


= 0 , 


H 

Fn 




eN 


ds 


= 0, 


where gi and cji with i = 1,2 have been defined in (3.4) and (3.5). 


Proof. Let us prove the first limit above. Fix 7 > 0. From definition of the 
entropy and Jensen’s inequality, the expectation appearing there is bounded 
from above by 




-*«■ \V a ) | 1 1 ipff 


exp {7 f Y G (w){^( x ) - r ?s JV ( a; )} rfs |} 

® aeTiv 


In view of (3.1), it is enough to show that the second term vanishes as N —> 00 
and then £ 4 , 0 for every 7 > 0. By (4.6), the expression above is bounded by 


lO 

7 N 


^P + ^logE, 


exp { 7 |j Y G (f ){ts(x) - Vs N (x))ds | 


Invoking proof of the Proposition 3.11 and noticing that 7 is arbitrary large 
gives the result. The remaining limits follow analogous steps. □ 

Proposition 4.4. The measure is concentrated on paths pt(u)du such that 

p e L 2 (0,T;H 1 (0, 1)). 

Proof. As before, the proof of this result follows from Proposition 3.12 put 
together with estimate (4.6). □ 


4-4- Characterization of limit points 

Here, we prove that all limit points of the sequence {Qf, '• N > 1 } are con¬ 
centrated on trajectories of measures absolutely continuous with respect to the 
Lebesgue measure: n(t,du) = pt{u)du , whose density pt(u ) is a weak solution 
of the hydrodynamic equation ( 2 . 11 ). 

Let be a limit point of the sequence : N > 1} and assume, without 

loss of generality, that {Q^ : N > 1} converges to . The existence of Qtf is 
guaranteed by Proposition 4.2. 
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In Proposition 4.4, we have proved that p t {-) belongs to L 2 (0,T;'H 1 (0,1)). It 
is well known that the Sobolev space H 1 { 0,1) has special properties: its elements 
are absolutely continuous functions with bounded variation, c.f. [Evans], with 
well-defined side limits at zero. Such property is inherited by L 2 (0,T;H 1 (0,1)) 
in the sense that we can integrate in time the side limits at the boundaries. Let 
G € G 1 , 2 ([0,T] x [0,1]). We begin by claiming that 


T ,H 


7T- : (pt,G t ) — (po,G 0 ) — / (p s , (d s + A)G S ) ds 

Jo 

t r t 


2 [ (x(Ps), d u H s d u G s ) ds- [ <p s (p,H)6G s (0)ds 
Jo Jo 

f {p s (0 + )d u G s (0+)-p s (0-)d u G s (0-)}ds = 0, Vt e [0,T] 


(4.7) 


= 1 , 


where ip s (p, H) was defined in (2.12). In order to prove the equality above, its 
enough to show 


7 r. : sup 
0 <t<T 


(, Pt,Gt) — (po,Go) — / (p s , (d s + A)G S ) ds 
Jo 

-2 f (x(p s ), d u H s d u G s ) ds - [ <p s (p, H) <5G S (0) ds 
Jo Jo 

[ {p s (0 + )d u G s (0+)-p s (0-)d u G s (0-)}ds > cl = 0, 


for every £ > 0. Since the boundary integrals and the integral involving \{Ps) are 
not defined in the whole Skorohod space T>m , we cannot use directly Portman¬ 
teau’s Theorem to obtain the claim above. To overcome this technical obstacle, 
fix £ > 0, which will be taken small later. Recall (3.2). Adding and subtracting 
the convolution of pt(u) with t £ , we bound the probability above by the sum of 
the probabilities 


7T. : sup 
o <t<T 


{pt, Gt) — (pa. Go) — / (p s , (d s + A)G S ) ds 
Jo 

- 2 / (x(ps*t‘s),d u H s d u G s )ds- f ip s (p * t e , H) SG s (0) ds 

Jo Jo 

- f {(ps*Le){0 + )d u G s {0 + )-{ps*i'e){0-)d u G s (0-)}ds > C/4 






7 r. : sup 

0<£<T 


7 r. : sup 
0 <t<T 


2/ {x{Ps * t e ) - x(Ps), d u H s d u G s )ds > £/ 4 , (4.9) 


*O(0+)-p s (0+)RG s (0+) 

[{ps * t e )( 0 _ )-/ 9 s ( 0 _ )] 5 „G s ( 0 _ )|ds > C/4 


(4.8) 


(4.10) 




















T. Franco and A. Neumann/Large deviations for exclusion with a slow bond 


33 


and 




rt r 

Qf 

7r. : sup 

/ 


0<t<T 



ip s (p* o e ,H) - <p s (p, H) 6G S (0) ds > C/4 • (4.11) 


By the Proposition 4.4, the sets in (4.9), (4.10) and (4.11) decrease to sets of null 
probability as e 0. It remains to deal with (4.8). By Portmanteau’s Theorem, 
(4.8) is bounded from above by 


lia Q” n 

N—>oo 


tv. : sup 

0<£<T 


(n t ,G t ) - (tto.Go) - / (n s ,(d s + A)G S ) ds 
Jo 

-2 f (x{f s * t e ), d u H s duGs) ds - f tp s (n * t e , H) 5G S (0) ds 
Jo Jo 

-[ {(n s * i s )(0 + )d u G s (0 + ) - (n s * i e )(0~)d u G s (0~)} ds > C/4 


Recalling the identity (3.3), the definition of ip s (-,H) given in (2.12), and the 
definition of , we can rewrite the previous expression as 


lirn pH 


N—>oo 


-2 


sup 

0<£<T 


- «,Go> - / (n^(d s + A)Gs)ds 


(x^f *L E ),d u H s d u G s )ds-J{r] e s N (0)d u G s (0 + )-ri E s N (-l)d u G s (0 )|ds 

l)(l-r ? r(0))e 5 ^W-7 ? r(0)(l-^(-l))e-^(°j<5G s (0)^ 


>4 


Adding and subtracting 7V 2 Lj/ s (7r^, G s ), we bound the previous probability 
by the sum of 


lim P 


H 


sup 


N—too ^ L o<t<T 

and 


<*f, Gt) - «, Go) - / «, d s G s ) + N 2 L“(n ?, G s )ds 


>§ 

(4.12) 


lim sup 

N-too 0<t<T 

pt 

- 2 

/o 

r t 


N 2 L*^,G s )ds- / <tt",A G s )ds 


[ (x^f * te), d u H s d u G s ) ds 
Jo 

{77 s EiV (0)c> u G s (0 + ) - r, EN (-l)d u G s (0~)} ds 

jf {vf (-1)(1 -vfme SH ‘ (0) 

77 s EiV (0)(l - r£*(-l))e-*"«(°>}<SG,(0)dfl| > C/8 


(4-13) 
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The expression inside the first probability is the martingale Mff t (G) defined in 
(4.1). Since its quadratic variations goes to zero, by Doob’s inequality, the limit 
(4.12) is zero. By the formula (4.2) for N 2 L^ s (n^, G s ) and a few applications 
of Proposition 4.3 we obtain that (4.13) is null, proving the claim (4.7). 

Proposition 4.5. Fix a measurable profile po : T — > [0,1] and consider a 
sequence {pn '■ N > 1} of probability measures on {0,1} T,V associated to po in 
the sense of (2.3). Then any limit point ofQjj N will be concentrated on absolutely 
continuous paths irt(du) = p(t,u)du, with positive density pt bounded by 1, such 
that p is a weak solution of (2.11) with initial condition po. 

Proof. Let {Gi : i > 1} be a countable dense set of functions on G 1,2 ([0,T] x 
[0,1]), with respect to the norm ||G||oo + II^GHoo + ||<9 2 G||oo- Provided by (4.7) 
and intercepting a countable number of sets of probability one, we can extend 
(4.7) for all functions G £ G 1,2 ([0,T] x [0,1]) simultaneously. □ 


5. Large deviations upper bound 

The proof of the large deviations upper bound is constructed by an optimization 
over a class of mean-one positive martingales, which must be functions of the 
process, or, as in our case, close to functions of the process. In the Section 4.2 
we have obtained a good candidate to be the mean-one positive martingale, 
the Radon-Nikodym derivative of the measure with respect to P MJV . Since 
dP* /dP w is not a function of the empirical measure, the first step is to show 
that it is superexponentially close to a function of the empirical measure. 


5.1. Radon-Nikodym derivative (continuation) 

To write (4.5) in a simpler form, let us introduce some notation. Given H £ 
G 1,2 ([0,T] x [0,1]), consider the linear functional : T>m —> 

r T 

- (tt 0 ,H 0 ) - / {n t ,(d t + A)H t )dt. (5.1) 
Jo 

With this notation and recalling (3.4) and (3.5), we can rewrite dP^/dP^ as 



~ [ {vt(0)duHt(jj) — r)t{—l)d u H t (-fi-)}dt 

Jo 

- /V-^ 1) +r 0 g 2 (m)(e- SNH - 1 

Jo 


l)} dt 


+ NO H ,T(jf) 


(5.2) 
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We begin by defining a set where the Radon-Nikodym derivative dP^ w /dP MW 
is close to a function of the empirical measure. Consider 


Wf E {t,r]) := Vf 1 ^ 2 (t,r)) , 
rj) := 


W* >£ (t,v) := V%f 2 {t,rj), 

Wf e (t,r,) := V°f’ 0 (t, V ), 


where V and V have been defined in Proposition 3.4 and Corollary 3.6 consid¬ 
ering F\(f,it) = \(d u H t ) 2 (u), F 2 (t,=jf) = e 5 ™ 11 - 1 - 1, Gi(t,u) = \(d u H t ) 2 (u) 
and G 2 (t, = e - 5 * H -i — i. Define the set 


B 8,e = { V e V nt , 


W z NjS (t,r]t)dt 


< S,i = 1,2,3,4 


(5.3) 


From Proposition 3.4 and Corollary 3.6, this set B$ e has probability superex- 
ponentially close to one, i.e., for each S > 0, 


iim lim i logP Miv \(B^ e ) C 


£ 4.0 N—>oo 


= — OO . 


(5.4) 


In view of identity (3.3) and expression (5.2), restricted to the set Bf s the 
Radon-Nikodym derivative dP^ N /dP m is equal to 


exp < N 


4 (^) + + 0 ( 6 ) 


1 x/-l 

fT \A(%)d u H t (%) - A(^)d u H t (=j-) 

— 1) dt 


d u H t ) 2 (f)dt 


dt 


(5.5) 


~ 9 l (A(=±),A(±))( eS » H -'-l) 


—SnH- i 


— 1) dt 


where A = i * i e . At this point we have a function of the empirical measure 
modulo some small errors. Unfortunately, this is not enough to handle with 
limits on boundary terms. The reason is simple, the convolution 7r w * i e is 
a function (not a measure anymore) but not a smooth function, therefore not 
necessarily possessing well-behaved side limits. Hence, the next step is to replace 
n N * i e by (it N * ) * l e , where t® is a smooth approximation of identity to be 

defined next. Notice that i® shall not be misunderstood with t e defined in (3.2). 

Fix / : T — > K+ a continuous function with support contained in [— 

0 < / < 4, /(0) > 0, J f = 1 and symmetric around zero, in other words, 
satisfying f(u) = /(I — u) for all u £ T. Define the continuous approximation 
of identity t" by («) = i/(2). 
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At this point, we need some approximation estimates to be presented in three 
next lemmas. Recall that t H is the linear functional defined in (5.1). 

Lemma 5.1. * b e )(v) — * b^) * b e )(v)\ < j , uniformly in v £ T, N £ N, 

and t £ [0, T\. 

Proof. Writing the expression \{-k^ * b e )(v) — (fa^ * t 7 ) * i e )(u)| as 

jv 'y ' 7 7t( a; ) ( 'e(jy > v ) ~~ / jv y ' rjt(x)iry(u — jj)i E {u,v) du . 

^GTTisr ^ xGTTtst 


Using the rule of maximum of one particle per site, the last expression is bounded 

by 


jf E W(7f’ v )~ / h( u ~ §)ie(u,v)du 

.m 1 J T 

xGTat 


Fix N, v and e, then t e (-, v ) is the indicator function of an open interval ( z , z+e), 
for z = v or z = l — e. The summand above is possibly not zero only if belongs 
to the open intervals {z — 2 + j) or (z + e— ^,z + e + j). The summands are 

bounded by 1, and the number of non zero summands is of order 'yN, which 
concludes the proof. □ 

Lemma 5.2. ^fa N ) = b N * t 7 ) * + Oh fa) + Oh fa) , uniformly in 

N £ N. 

Proof. First we compare £ H (((n N *try)*b e )) with l H (fa N *b e )) . Using the Lemma 
5.1, we obtain the difference between this functions is 


((far * h) * u) - far * L e), H t } - ((fao * +) * be) - (7 Tq * L e ), H 0 ^ 

- J ((fa? * h) * U) - faf * +), fat + A )H t ) dt < C(Hfa . 

Then, we need only analyze the expression below 

£H(fa N * b e )) - £h(tT N ) = (fa? * b e ) - TTt,H T ^ - (fan * b e ) - Fo,H 0 

I ( ^ ^ ~~ 7r * V ’ ^ + A ^ Ht ) dt ' 

We handle only the first term, because the others terms are similar. Thus, 
fat * +),#*) = jfat * b e )(v)H t (v)dv = f rj t (y) bf (jtj, v) H t (v)dv 

Jt y&T n 

= jj E ^(2/) / H t(v)b“(j(j,v)dv = (n?,H t ) +0 H (e). 

J T 


y€T n 
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This approximation holds uniformly in time and N, since H £ C' 1,2 ([0,T] x 
(0,1)) and there is at most one particle per site. Therefore, 

|4V*0-4V)I =o H (e). 


□ 


<?;((? rf * be){§ ), (7rf * i e )(T^)) - Si (of * ty) * 


= 1 , 2 . 


Lemma 5.3. The function 

0(#). Of * * ^X^v 1 )) °(?) f° r i 

Proof. This proof follows by the definition of gi and <72 (see (3.4) and (3.5)), 
the triangular inequality and the Lemma 5.1. □ 


Lemmas 5.1, 5.2 and 5.3 allow to replace 7rf by (7rf * t®) in the expression 
of Radon-Nikodym derivative (5.5) modulus small errors. Hence, restricted to 
the set Bj* e , the Radon-Nikodym derivative dPff, /dP ;iK becomes 


exp < N 


C{B) + 0 H , r (i) + 0(5) + 0 H (e) + 0„m 


W E {-9i (**($), B(*fr)) +®(B(l),S(f))}W) 2 (i) dt 


r T r 


/0 L 
r T 


x^ — 1 
0 

^ N ) 


B(%)d u H t (%)-B(^)d u H t (^) 
~ gi (B(^),B(jL))(e s " H -' -l)dt 


dt 


(5.6) 


n 

&(B(^),B(#))( C 


—8nH-i 


— 1) dt 


where B = (7rf * t®) * t e . Recall \(u) = u(l — u). The next three lemmas allow to 
replace the sum involving gi by an integral in \ and 1° make a little adjustment 
at the boundaries. 

Lemma 5.4. The difference 

jf E Si(((7r t JV *i®)*i E )(f),((7rf *^)*t £ )(2±l))(d„F t ) 2 (f) 

X^—l 

- * Le ^ v ^( duHt } 2 ( v ) dv j 

can he denoted by some function R l N (H,t,e, 7 ), which goes to zero, when N -A 
00 , uniformly in t £ [0, T], with i = 1,2. 

Proof. Consider i = 1. To simplify notation, denote 
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and 

9 N (v) ■= fli(((7rf * t 7 ) * te)(v), ((tt f * t 7 ) * i e )(u)) = x(((7rf * i 7 ) * t e )(u)) . 
From the definition of i e , if x 4 a at, 


1(0 * 0(#) (g * OOOI < ^, Vt; e [f, 2±i], 

where g is any bounded function defined on the torus. The same inequality is 
still valid with x+1 replacing x in left side of inequality. Since || 7 r f w * i 7 ||oo < 4, 
if a ' aw, 

\f N (§)-g N (v)\=o(^), vue[f, 2 ±i]. 

Then, 


k E /^(f )(d u H t n §) - f g N (v)(d u H t ) 2 (v) dv 

.../.. «/T 


x^a^r 


< 


it E / 7V (f)[(5 u ff t ) 2 (f)-AT / 

x^a jv ^ 


x^a n 

f i 


+ | E L 1 [#, £ #)(' u ) f N (f)-g N ( v ) ( d u Ht) 2 (v)dv 

a ,V ojv + ldu)/^)^^) 2 ^)^ 

“37"’ 37 ) 

<^E |(a uJ ff t ) 2 (f)-^V J l^^ivWuHtfWdv 

x^aM 

+ 0(dv) / |(<9„ff t ) 2 (u)| dw + ^||(<9 ii ff t ) 2 || 00 • 

Jt 


Since H belongs to C , 1 , 2 ([0, T] x (0,1)), the first sum goes to zero, when iV —» oo, 
which finishes the proof. □ 

Lemma 5.5. Denote by R^(H,t,s,'y) the following expression: 


(K * 4) * 0(&)^(&) - ((TTf * L‘) * , e )(^)a uJ ff t (^) 

- ((Trf * 4) * te )(0 + )a u 7J t (0+) - ((Trf * t f) * te )((T)3 u fr t ((r) 


Then R 2 N {H, t, e, 7 ) goes to zero, when N increases to 00 , uniformly int £ [0, T]. 

Proof. This proof follows by fact that t e (-, =$■), i s (-, £), d u H t (=±) and d u H t (-^) 
converges to i e (-,0“), t £ (-,0 + ), d u H t ( 0 _ ) and d u H t ( 0 + ), respectively, as N in¬ 
creases to infinity. □ 
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Lemma 5.6. The expression bellow 



is a function R'j V (H,t,£, r y), which goes to zero, when N increases to oo, uni¬ 
formly in t £ [0,T]. Analogous statement for <jb- 

Proof. We only analyze the first statement, the second one is just the same 
argument. By definition of gi, the expression in the left side of the first equality 
is bounded above by 



The conclusion follows by fact that t £ (-, -^), i £ (-, and e Vjvff - 1 — 1 converges 


to ( e (-,0 ), t £ (-,0 + ) and e Ht ^ 0+ ' 1 Ht ^° ) — 1, respectively, as N increases to 
infinity. 


□ 

Denote Rn(H, T, e, 7 ) the errors from the lemmas 5.4, 5.5 and 5.6, notice 
that 


lim Rn(H,T,£, 7 ) = 0 . 


(5.7) 


By means of these lemmas, we can rewrite the expression (5.6) of the Radon- 
Nikodyn derivative dP^ /dP^ on the set Bf e as 



(5.8) 


+ Rn{H, T, e, 7 ) + 0(6) + Oh(c) + Oh(^) 



where B = (it™ * ) * t e as before. 
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Now, we observe that the functional Ih defined in (2.16) and the functional 
t H given in Definition (5.1) are related by 

£ h (tt) = e^Tr) - [ {p t (0 + )d u H t (0 + ) - p t (0~)d u H t (0~)} dt 
Jo 

+ [ (p t ( 0+) - Pt(0-))(ff t (0 + ) - H t ( 0-)) dt. 

Jo 

Moreover, because of its smoothness, (n N has finite energy, see Definition 

2.11. Recalling Definition 2.12 of the functional Jh , and expression (5.8), we 
conclude that dP^ /dP MJV restricted to Bf s is 


exp 



* ) * ie 


+ Rn(H, T, e, 7 ) + 0(6) + Oh(z) + Off (^)] |. 


(5.9) 

Let us proceed to the next step. It is not difficult to see that the set {n £ 
T>m ; £(tv) < 00 } is not closed in the concerning topology (the Skorohod topol¬ 
ogy on T>m)- This is an obstacle in order to apply the Minimax Lemma, see 
[KL, Lemma 3.3, page 364], which is an important device in the proof of the 
large deviations upper bound. To invoke the Minimax Lemma, the functional 
Jh should be lower semi-continuous 4 , what is not true precisely because the set 
{ 7 r £ T>m ; £ (tv) < 00 } is not closed. 

To overcome this obstacle, we begin by introducing the next sets. 


Definition 5.7. Let A k} i, A k and A k ([ be the subsets of trajectories given by 


Ak,i = {tt £ V M ; max £ H (tv) < 1} , 

1 <j < k 

A k,i = {^ G r> M ; 7r * t £ <E A k ,i} , 

A kJ = G V M ; (tt * i® ) * i e G A k y } . 

Proposition 5.8. For fixed £,'•/, k, l, the set A k 7 is closed. 

Proof. It is sufficient to show that the function if) : T>m —> P given by if (tv) = 
£hj((tv n * i®) * L e ) is continuous. Let { 7 r";i £ [0,T]}„ converging to {Tv t ;t £ 

[0,T]} on T>m- Therefore, 7 r" 7 r t , almost surely in time. For such t, 77 * 1 ® = 
lim^^oo 7 r"*(,®, since i® is a continuous function. By the Dominated Convergence 
Theorem, 


((77 * i s ) * i e )(v) = / lim ( 77 " * it)(u) i e (u, v) du = lim (( 77 ” * i®) * l e )(v) . 

J T n ~^°° n—too 1 

(5.10) 

4 About signs and conventions: in [KL, Lemma 3.3, page 364] the statement is about an 
upper continuous functional, but the functional Jp appearing there corresponds to minus our 
functional Jh here. 
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Again by the Dominated Convergence Theorem, 

r T 

/0 JT 


(^d u Hj, (ir t * t®) * i e ^ = J J d u Hj(t,v)((TTt * t®) * i e )(v) dvdt 

= lim / [ d u Hj(t,v)((n? * i®) * h)(v) dv dt 

Q J T 

= n™oA? uII i' * 4 ) * ^ )} • 


□ 


Proposition 5.9. For fixed k, and l, 

5sli^* logP ™K e( - 4 ‘' ?)C 

Proof. For all r > 0, 


< -1 + KnT. 


max £ h (( n N * I s ) * l e ) > l 
Li <j<k 3X 7 ’ 


A P MN 


max £u (f n * t F ) > l — r 
Li <j<k ’ ~ 


•P 


l±N 


max £h I (* * t®) * t e — n N * t £ ) > r 

Li<j<fc 3 V v 7 ' 1 ~ 


By Lemma 5.1, we have that 

max^£ Hj (^n N *L^)* L e -n N * t e ^j< ^max^ (^d u Hj, (n N *t^)* l s - n N *L e ^ < 


where C = (^({TLli^jx/c). Therefore, 


• Miv 


max Utt n * i® - 71^) * L e ) >r 


< Pm w 


c 7 


> r 
£ — 


which is zero for 7 small enough. Hence, 


lim lim jj logP MAf max £ Hj ((/ * i®) * t e ) > l 


74-0 N—too 


Ll <j<k 


~ n^oo * l0g Eh > ^ * Le ) - 1 ~ r 


By Corollary 3.9, we get 


lim lim lim -PlogP^ max £ H J(n N * t®) * i e ) > l 
eto 74.0 7V-> 00 iv 1 1 <j<k 3 v 7 ’ 


< — l + K 0 T + r . 


Since r is arbitrary, the proof is finished. □ 

In (5.9) appears the term ( 7 ^ * i®) * i e and we would like to take 7 4- 0 and 
e 4 , 0. To avoid technical problems that would come into scene from the fact itf 1 
does not have density with respect to the Lebesgue measure, we define below 
another family of sets. 
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Fix a sequence {Fi}j>i of smooth non negative functions dense in the subset 
of non-negative functions C(T) with respect to the uniform topology. For i > 1 
and j > 1, we define the set 

D\ = |tt <E V m ; 0 < {n t ,Fi) < J^Fi(u)du + jll^'IU, 0 < t < t| , (5.11) 

and for m > 1 and j > 1, let E° m = f)™ 2 D\. 

Proposition 5.10. It holds: 

(i) Given i > 1 and j > 1, the set D\ is a closed subset o/Vm! 

(a) Pa4o — n m >i Ef^, 

(Hi) Given m> 1 and j > 1, limAr-^ E logP^ [ir N £ (E-E) c ] = —oo . 

Proof, (i) Since Fi continuous, the function ir H > sup 0<t<T (7r i , Ff) is continuous. 

(ii) The inclusion T>m 0 C Dj>i (~l m >i E J m is trivial. The inclusion on the 
other hand follows by approximating indicators functions of open intervals by a 
suitable sequence in {Fi}i>i and in j. 

(iii) The probability P MJV [7r w £ (E-Ef 1 } is 

m r. 

p /^jv[U{w E )vt(x)> / Fi(u)du+ ills'll oo, for some t £ [0,T] } . 

i=1 sGTa, ■ >T 

From the elementary inequality 

7} E [ Fi(u) du < E / l^(#)--Fi(«)|d«< JL ^K 

- / T - Ifi x + 1 \ 

xer N xeT 


and by the fact that there is at most one particle per site, we conclude that 
P MJV [ 7I ' JV £ vanishes for N sufficiently large, concluding the proof. □ 

Keeping in mind that * t*) * t e ) < oo, for all 7r £ T>m , define 


7 ,e,C 


(tt) 


Jh ((tt * t® ) if TT e A c k ’J n E^ , 

+oo, otherwise. 


(5.12) 


Finally, dP^ N /dP MN restricted to the set {n N € A k ( D E-E} fl Bf e is 


exp | IV 


+ R "( H ’ T > £ > 7) + 0(6) + 0 H (e) + O h 


(J)]} • 


(5.13) 


This is the appropriate form for the Radon-Nikodym derivative to be used in 
the next section. 
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5.2. Upper bound for compact sets 

We start by studying the upper bound for open sets. Let O C X> M be an open 
set and fix a function H £ C 1,2 ([0,T] x [0,1]). Then 

lirn -L log Q MJV [0\ = lim ± log P MJV [tt^ £ 0\ 

i V —>■ oo iV—>-oo 

< max {Em ^ logP MiV [{tt^ £ O n A^Jr\E 3 m }r\Bf], R l k ((, 7), R> m , i4( £ )} 

00 ’ J 

where we have denoted 


(,7) = Jim ^logP^tjTr^ £ (4’7) C }] > 

iv —>-00 

Ki = J™ w l°g p /xw[{ 7I ' JV e . 

N—too 

R s H (e)= IhE £logP MW [(B&) c ]. 


By Propositions 5.9 and 5.10 and the limit (5.4), the expressions above satisfy 

lim lim i?[-(C,7) < —1 + KqT, R 3 m = — 00 , and lim Rh{s) = —00. 

C4-0 74-0 e4,o 


Transforming the measure by the Radon-Nikodym derivative and recalling its 
expression (5.13), 


■ Mat 


= E- 


{n N £ 0 n A c k ’J n E J m } n Bf 


= E 


H 


(<M.\ 

V dP eW 


'-{n N eonAl’JnEi n }nB^ e 


exp {N [ - (n N )+R N (H,T,£^) + 0(5) + 0 H (e) + 0 H ^)\}liD 

being D := {n N £ O D A 4 D E 3 m } D Bf e . Therefore, 

A logP MiV [{n N £ On Ai’J r\E 3 m }n < £ ] 

< sup {-J% l ’ m e %n)} + R n (H, T, e, 7) + 0(5) + O ff (e) + Oh (?) . 

7r 6 0 


By (5.7), for all 7, e, £, 5 > 0, for all k,l,m,j £ N and H £ C 1,2 ([0,T] x [0,1]), 
we have 

lim i log [0] 

N—>oo 

< max hup{-J^ 1 ^ c {tt)}+0(6)+O h (£)+O h (^), R l k (C, 7 ), R J m , 44)} 

’•TreO J 

= max { sup{-44tM} + O (^ +Off ( £ ) +Off (e)’ jR fc(C’0'), 44)}- 

^ ttGO j 










T. Franco and A. Neumann/Large deviations for exclusion with a slow bond 


44 


Since we do not have any restrictions on the parameters, we can optimize over 
7, e, S , k, l, to, j, H , which yields 

Jim jf log Q^ n [0\ 

1\ —>oo 

-^L max { sup{- J ^™ c {Tr)} + °(6) + °H(e) + 0 H{Z),R{{C,7), R H(£)} 

k,l\rn,j,H 7T£0 

= 7 inf 5| supmax|-J*’^(7r) + 0(<5) + 0 ff (e) + 0 H (|),i?^.(C,7), #h( £ )} • 

(5.14) 


Proposition 5.11. For fixed 7, e, S,k,l,m, j, H, the functional 

max | - + °{6) + 0 H {e) + Oh(^), R l k {{, 7), -Rff(e)} 

is upper semi-continuous in Vj^. 

Proof. In the maximum above, the only term that depends on n is 

By the Propositions 5.8 and 5.10, it is enough to prove the continuity of J((n * 

i®) * t e ) in 'Em- 

Let 7r n —> n in the topology of T>m- In particular, nf converges weakly* to 
7r t in A4, for almost all t £ [0,T]. According to (5.10) and iterated applications 
of Dominated Convergence Theorem we can assure the continuity of J((7r * P) * 

te). ' □ 

Provided by the proposition above, we may apply the Minimax Lemma [KL, 
Lemma A2.3.3], interchanging supremum with infimum in (5.14), and passing 
to compacts sets. Then, for all /C C T>m compact, 

< sup inf max{-J^'’7f(^)+0(^)+0p(s)+0p(p,/ffc«,7),/fp(e)}. 

(5.15) 


The next result connects Jh(f) and 7r). 

Proposition 5.12. For all n £ T>m> 


lim lim lim limlim lim lim > JhM ■ 

e^O l —>00 k —>00 C 4-0 74-0 j—too m —>oo ’ ,<s 


Proof. Recal (5.12) and fix 7r £ Vm- We claim that 


lim lim 

j—too m—>-00 


jk.l.m.j ( \ 

CW 


Jh{{ 7 T * i® ) * ie), if 7T £ n 
+00, otherwise 


(5.16) 


The equality above derives from the fact that if 7r ^ Pm 0 ■> there exist to and j 
such that 7T ^ E J m . To check this, apply the definition of a absolute continuity 
with respect to the Lebesgue measure. This proves (5.16). 
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Let us step to the limit in 7. We claim that 

^ fjg((7r*^) * i e ), if tt e A c k ’J nv Mo > |j ff (7r*t £ ), if 7 T g A c kl+1 nV Mo . 
74-0 l+oo, otherwise — l+oo, otherwise 

(5.17) 

11 tt £ Af.’] fl T>m 0 f° r all 7> the inequality (5.17) is obvious. From Definition 
5.7, if 7T £ A kl D T>m 0 i it is immediate that 


max. Shj ( tt * ) < l + mffi d u Hj , n * b^ — {n * ) * 1 £ jj . 

For fixed £ and k , we can find 7 small enough in such a way 

max £h {tt * + ) < 1 + 1, 

1 <j<k 3v s ' 

implying 7r £ l+1 fl T>m 0 - Besides, for fixed e > 0, the double convolution 

(-7T * it ) * i e converges uniformly to 7r * t e , leading to 

lim J H {{ tt * it) * i E ) = J h {tt* b £ ) 

-vin !' 


and hence proves (5.17). The ensuing step is to take the limit in £ 4- 0- We claim 
that 


1 Jh( tt * t e ), if 7T £ A^ l+1 fl T>m 0 > | Jh (tt * t e ), if n £ A k ,l +2 D T> Mo 
Cio l+oo, otherwise — l+oo, otherwise 

(5.18) 

In fact, if 7T £ A'j, l+1 fl T>m 0 , then 


max £hAf) 
1 <j<k 3 


= max £h. { tt * b£ ) + max (( d u Hj, tt — tt * )) 

l<7<fc 1 < 7 <fe \\ // 


< 1 + 1+ max / / d u Hj(t,u)(pt{u) — {n t * b^){u)) dudt. 

i<i<fc Jo J T 


By the Lebesgue Differentiation Theorem, it is possible to choose small £ such 
that the integral term in the right hand side of above is smaller than 1. This 
proves (5.18). Taking the limit in k —> 00 in the right hand side of (5.18), we 
obtain 


j Jh (tt * be), if tt £ A k)i+ 2 n V Mo _ \ J h {tt * t e ), if £{t r) <1 + 2 

fc->oo 1 +00, otherwise 1 +00, otherwise 

(5.19) 

because {it; £{t r) < l + 2} C Vmq- Next, taking the limit in l —t oc in the right 
hand side of (5.19), we get 


j J h (tt * l e ), if £(it)< 1+2 > ( J H (n*b e ), if £{n) < 00 

l->oo 1 +00, otherwise — 1 +00, otherwise 
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Finally, taking the limit when e 4* 0 in the right hand side of above, it yields 


j Jh(tt * be), if £( 7 t) < OO 

efo 1 +oo, otherwise 


Jh(k) , 


where we have used that, for 7r G {7r; £(tt) < oo} it holds that n t (du) = p t (u)du , 
where p has well-defined left and right side limits around zero. □ 

Proposition 5.13 (Upper bound for compact sets). For every K compact subset 

ofD M , _ 

Jim -fa log Q mjv [K] < - inf J(tt). 

N—too 7 re/C 

Proof. Proposition 5.12 can be restated in the form 


lim lim lim lim lim lim lim — (77) < —Jh( 7 r), 

ej,0 /—>-00 k—>00 ^4,0 74.O j —^00 m—too 


for all 7T G Vm- Plugging this into (5.15) leads to 

lim A log Q mn [/C] < sup inf {-J H ( tt)} = - inf sup J H { tt) = - inf I(tt) . 

iV—>• OO 7TG/C ^ 7TG/C # 7TG/C 


□ 


5.5. Upper bound for closed sets 

Proposition 5.14 (Upper bound for closed sets). For every C closed subset of 

_ 

Jim Jr log QW [C] < — inf 1 (f) . 

N—too TceC 

By exponential tightness, we mean that there exists compact sets K n C T>m 
such that 

Jim i logQ MN [K%] < -n , V n G N . 

TV—>00 

It is well known that the upper bound for closed sets is an immediate conse¬ 
quence of upper bound for compact sets plus exponential tightness. We include 
the proposition below for sake of completeness. 

Proposition 5.15. If the sequence of probabilities {Q)j, n }n>i is exponentially 
tight and the inequality 


Jim i log [K] < - inf /(tt) 
n —>00 w eif 

holds for any compact set K, then {Q/j, n }n>i satisfies 

Jim log Q^ N [C] < - inf /(tt) , 

OO 7T t O 


for any closed set C. 
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Proof. Let C be a closed set. Since Q^C] < D K n \ + (Q)^ [A^] and 

C D K n is compact, 

lim j? log Q MJV [C] < max { lim jj log [C D K n \, lim j? log Q w [AtM 

iv —yoo Kri—yoo —y oo ) 

< max < — inf I (if), — n < max < — inf I(n), — n >. 

- L 7Tecnif„ J ~ l wee J 

Since n is arbitrary, the inequality follows. □ 

The rest of this section is concerned about exponential tightness, which we 
claim it is a consequence of next lemma: 

Lemma 5.16. For all £ > 0, S > 0 and H £ C 2 (T), denote 


Ch,5,c 


£ T>m 


sup - (7r a , Hf)\ < e, is£ [0, T\ 

s<.t<s-\-S 


Then, for every e > 0 and every function H £ C 2 ( T), holds 


lim lim -k 

54.0 AT-s-oo iv 


7T ^ C H ,S, e 


—OO . 


Indeed, suppose the statement above. Let c C 2 (T) be a dense set of 

functions in C(T) for the uniform topology. For each 6 > 0 and t, m £ N, denote 
by C^g x the set CH e ,s, s , with e = Then the Lemma 5.16 can be reformulated 


as: 


lim lim 4, 

< 54.0 N—>oo iv 




71 & 


—00 , it, m > 1 . 


Claim: For all positive integers l,m,n , there exists 6 = S(£,m,n) > 0 such 
that 




n4C, 




< e -Nnml ViVeR 


In fact, fixed the positive integers t,m, in view of above, for all n £ N there 
exists <5o = So{t,m, n) > 0 such that 

lim jj- logQ MN ngC e5 x < -ntm , V<5 e (0, <5 0 ]. 

Then, for each S £ (0, Jo] there exist Ng = Ng(S, t, m,n) £ N such that 

Q/uv \* C, S 1 1 < e - Nnml , i N > Ns- 


Since for 0 < Ji < 62 


c, 


: e,s 2 i £ Ct,6! > 


[7T ^ Q iSl 1] C [tt ^ C <|ja 1], 


for 0 < Ji < J2 • 


then 


(5.20) 
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Then, denoting Nq = Ns 0 (£,m,n ) (which depends only on £,m,n, because 
6o is a function of £,m,n ), we have 




n?C, 


e,s,- 


— Q»n 


n Q,(5 0 ,i 


< e 


-N j 


(5.21) 


Vd G (0, <5 0 ] and ViV > AT 0 . More one observation is that, for i, m G N fixed, 
C, fj j_ Ptk, as 6 \ 0, it is true because the set XVi is composed of cadlag 
trajectories. Since the [7r ^ C l 5 jl_] goes to empty set, when <5 —>• 0, then for N 
fixed the probability Q MJV [7T ^ @il N jJ goes to zero, as S —> 0. Therefore, for 
each hxed IV £ N, we can choose 


Sn = m, n) < 6 o(£,m,n) = 5 q 


(5.22) 


such that 


Then, denote by 


n & C 1 ,Sn,± 


< e 


—N nml 


(5.23) 


S := min Sn < do . 
N<N 0 


Let N € N. If N < Nq, then, by 6 < Sn, (5.20) and (5.23), we have 


C/J-N 


71 & C LS,J- 


< Qvn 


71 £ c lj N .± 


< e 


—N nml 


And, if N > N 0 , then, by the construction S < 5q (see (5.22)) and (5.21), we 
get 


77 & ^,1,— 


Thus, it finishes the proof of the claim. 


< e 


—N nml 


Now, define 

K n = fl ■ 

Z>l,m>l 

In order to prove that K n is a compact set for each n > 1, we use a similar fashion 
of the Arzela-Ascoli theorem, which says that a set of functions K n C T>m is 
relatively compact if it is uniformly bounded, and 

lim sup w^(7r)=0, (5-24) 

5-S-O 7t £K n 


where 


:= inf max sup d(n s ,Tr t ) , 

* S z t£[ti_ i,ti) 


where the infimum is taken over all meshes 0 = to < ti <...< t r with 
ti — ti- 1 > 6 and d is the metric on M.. The expression wj(7r) is the so called 
modulus of continuity of the T>m- We start by observing that K n is uniformly 
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bounded, because K n C T>m (recall the Definition of A4 in (2.4)). The limit 
(5.24) is a consequence of the limit 

lim sup wa(7r)=0, (5.25) 

<5->0 7rgif n 


where 


U>s(7r) '■= SUp d(7T s ,7T t ). 
\t— s|<<5 


To prove this limit we start by recalling the metric d on M: 


d{Tr s ,TT t ) = ^2 
t 


1 |(7Tt, H{) — (tT s , Hf)\ 

2 t l + \(n t ,H t )-(v s ,H e )\ 


< E h\( n t,H e ) - (ir s , Hf) \. 

t 


Thus, if — s| < <5, as we can suppose, without lost of generality, that s < t, 
then s < t < S + s. Thus, for t r £ K n , we have 


\(TT t ,Hl) - (tt s ,H()\ < ± , 

for all £, to £ N. Therefore, for each tt £ K n , d(n s ,nt) < — , for all to £ N. As 
consequence 

sup w 5 ~(t r) < ^ , 

7 r£K n 

for all to £ N. Since 6 K > ujs(tt) is decreasing on S (for n fixed), for all 6 < 5 
and 7T £ K n , we have u>s{id) < uig(n) < sup^ for all to £ N. 

Then, sup wgifj] ljs( 7t) < i, for all 5 < 6 and m £ N. Therefore, the limit (5.25) 
follows. Since K n is a closed set, we have proved that K n is a compact set. 
Furthermore, by construction of the set K n and the last claim, we have 


CIJ-N 


7T £ K n 


< E 


g—Nnmt < -' 


c 


-Nr 


e>i 

m> 1 


where C is a constant not depending in the parameters. In particular, 


lim 

N—too 


N 


tg-N 


TT £ I\ n 


< — n , 


which is the exponential tightness. Therefore, our goal from now on is to prove 
Lemma 5.16. 

Proof of Lemma 5.16. Fix e > 0 and H £ C 2 (T). Recalling the definition of the 
set Ch, 6, s > then the se t I 71 " ^ Cij,a, e ] is equal to 

\tt £V M ] sup \(TT t , H) — (tt s , H)\ > e , for some s £ [0, T] }. 

^ s<£<s+(5 ' 


Consider the partition of the interval [0,T] with the size of the mesh equal to 
6, then there exists k £ {0,..., |_TJ -1 J} such that kS < s < [k + 1)<5. Thus, 

{t £ [0, T]; s < t < s + 5} = Tg U r 2 , 
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where 

T] = {t G [0, T]; s<t< (k + l)5} and T 2 S = {t € [0,T]; (k + 1)6 <t<s + 6}. 
Since 


sup \{n t ,H) - {tt 8 ,H)\ 

s<.t<.s-\-S 

< sup |(tt t,H) - {tt s ,H)\ + sup 1(7 U,H) - {tt s ,H)\ 

terj te 

< sup \(TT t ,H) - (TT kS ,H)\ + 2 \(tt s ,H) - (TT k S,H)\ 
kS<t<(k+l)S 

+ \(lT( k+1 )s,H) - (7T k s,H)\ + sup \(F tl H) - (7T( fc+ i) 5 ,iJ) 

(fc+l)<5<i<(/c+2)<5 

<4 sup \(n t ,H) - (n k s,H)\ 
kS<t<(k+l)S 

+ sup I (t Tt, H) - <7T( fc+ i )S,H) I , 

(k+l)8<t<(k+2)6 


then 

L^- 1 ] 

\ tt; sup |(7r t ,/f) - (ir s ,H)\ > e, for some s e [0, T] \ C M .A^, 
L *<t<s+S J fc=Q 

where 

= { SU P - {K kS ,H)\ > e/5}. 

^ k5<t<.(k-\-l)8 ^ 

Thus, for all 6 > 0, 


lim 

iV—>-oo 


1_ 

N 






< lim 
N—too 


log Qwv[4 


N 1 

k,8 J 


fc=0 


Recalling (3.16), the limit in the right-hand side above is bounded from above 
by 


max lim 
fce{0,...,|T5- 1 J} iV->-oo 


ilogQ w [A£ 


< lim JT 

' N^oo N 
k =0 



Then, in order to prove the Lemma 5.16, it is enough to show that 


ITS- 1 ! 



We begin by observing that A^ s = B^ g N U B k f' N , where 

B k f = { sup (n t ,H) - (Tr kS ,H) > e/10 

k5<t<{k+l)5 


(5.26) 
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Hence, recalling (3.16), to obtain (5.26) it will be sufficient to assure that 


Its- 1 ] _ 

lim ) lim -i 

<5.1.0 ' 5V-> oo * 

fc=0 


B 


H,N 

k,8 


(5.27) 


for any H G C 2 (T). To obtain the claim above we will analyse the limit 


linijv—^oo jy 


B 


H,N 

k,8 


for fixed <5, k and H. Denote 


M t ff =exp{iV (tt^, H)-{-kq e N ^’ H '>(d s +N 2 L N )e N{ ^' H) ds |, 

which is a positive mean one martingale with respect to the natural filtration. By 
assumption H does not depend on time. Keeping this in mind and performing 
elementary calculations we get 


Mf = 


exp|iV(7rf,i7) -N(tvq,H) - j U N (H, s,rj s ) ds} 


where 


U n (H, s, ry s ) = £ N^ v {e^ H ^- H ^-l}r ]s (x)(l- Vs (y)) 

\x-y\=l 


with 


t N _ pN 
*x,y ^>y,x 


N - 1 , 

if x = — 1 and y = 0 , 

o, 

if \x - y\ > 1, 

1 , 

otherwise. 


Notice that {M t ff /Mj? s }t>kS is also a positive mean one martingale. Adding and 
subtracting the integral part, we get 


where 


and 


<QW Kf} < Qh N [C% s ] + [D % s ], 

C ts = { sup log {yth ) > £ / 20 } 
t k8<t<(k+l)5 KM kS ' ’ 

{ sup [ Un(H, s,i] s ) ds > e/20 j . 

L kS<t<(k+l)5 JkS i 


n N — 

k S — 

' k8<t<.(k-\-l)8 Jk8 
From the above and again (3.16), we have that 

1 


H,N 

k,8 


iSow log< M s 

Sm “L I 5Lv logQ “ 


r<N 

^k,8 






A) 


(5.28) 














T. Franco and A. Neumann/Large deviations for exclusion with a slow bond 


52 


for all S > 0 and k G {0,1,..., LX 1 <5 —1 J}. Since H G C 2 (T), by a Taylor ex¬ 
pansion it is easy to verify that | Un(H , s, rj s ) ds\ is bounded by C(H)5, for 
all t G [k5, (k + 1)5]. Thus, if we take S G (0,(5) with C = e/(20 C(H)), then 
®, N \D^ S ] = 0 for all k G {0, 1,..., |jr<5 -1 J}, and therefore the inequality (5.28) 
becomes 


lim — 

N—^oo N 


B 


H,N 

k,S 


— 1 
< lim — 

N—too N 

N 


r<N 

^k,8 


provided S < C. Now we handle the set Cjf 5 in the way 


tgN 


C\ 


•N 

k,5 


c/xjv 


tgN 


sup 

k8<t<{k+l)8 




sup 

L ks<t<(k+i)s Mj£ 


1\/[H 

M t > e eN/20 


H 


— peN/20 


where in last inequality we have used Doob’s inequality since {M/ 7 /Mj^}t>kS 
is a mean one positive martingale. Thus, 


lim -k 


N—>oo 


N 


UN 


B 


H,N 

k,8 


< -e/20 , 


for all 6 > 0, k = 0,1,..., |_T5 1 J, and H G C 2 (T). By the inequality above, 


L't<5 _1 J_ 

lim ) lim -k 

510 ' N-> oo JV 

fc=0 


MAT 


B 


H,N 

k,8 


—£ 


£ 1 iS 20 arrJ + I) = -' 


implying (5.27), which finishes the proof. 


□ 


6. Large deviations lower bound for smooth profiles 


Next, we obtain a non-variational formulation of the rate functional I for profiles 
p whose are solutions of the hydrodynamical equation for some perturbation 
H G C 1,2 ([0,T] x [0,1]). 

Proposition 6.1. Given H G C 1,2 ([0,T] x [0,1]), let p H be the unique weak 
solution of (2.11). Then, 


I{p H ) := sup J g (p H ) = Jh( P H ) 

G 

= £ (x(p?),(d u H t ) 2 )dt + j\?(0-){l-p?(0+))r(6H t (0))dt (6 .i) 

+ / T pf (0 + )(i - pf (0-)) r( - SH t ( 0)) dt, 

Jo 


where T(y) = 1 — e v + y e y , Vj/GK. 
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Although of quite simple proof, this result has a deep interpretation. The 
functional —J G (p) has the meaning of being the price to observe the profile p 
when we perturb the system by G. The equality sup G Jc{p H ) = Jh(p H ) says 
that the minimum cost to observe the profile p is reached by picking up the 
perturbation G = H, where H is such that p = p H , i.e., such that p is a solution 
of (2.11). 

Proof. Replacing the integral equation (2.13) in the definition of J given in 
(2.15), we get 


Jg(p H ) = [ <x(pf), ( d u H t ) 2 ) dt — f (x(pf), {d u H t - d u G t f) dt 
Jo Jo 

+ f T pf (0 _ )(l — pf (0 + )) f (5G t (0), 6H t {0))dt 
Jo 

+ f pf (0 + )(l — pf (O - )) f ( — <5G t (0), —SH t (0)) dt, 

Jo 


where T(x,y) = l — e x + xe v , Vx,t/ £ K. Let y £ K fixed. The function 
x i ^ f (x, y) assumes its maximum at x = y. Therefore, I(p H ) = sup G Jg{p H ) = 
Jh{p H )■ Noticing that T(i/) = T(y,y) we arrive at (6.1). □ 

Remark 6.2. As natural, if A is the unique weak solution of (2.6), then the rate 
functional vanishes at A. In fact, given G £ C 1,2 ([0, T] x [0,1]), we have £ G (A) = 0 
because A satisfies the integral equation (2.7). Since if(u) = e u — u — 1 > 0, it 
yields Jg{ A) < 0. And Jg( A) = 0 if G is constant. 

By Proposition 6.1, profiles that are solution of (2.11) for some H provides a 
special representation for the rate functional. This motivates the next definition. 

Definition 6.3. Denote by D c _f^ 0 the subset of Dm 0 consisting of all paths 
7 T t (du) = pt{u) du for which there exists some H £ C 1,2 ([0,T] x [0,1]) such that 
p = p H is the unique weak solution of (2.11). 

We begin by proving the lower bound for trajectories in D c f\ 0 ■ In the following 
we present the lower bound in the set of smooth trajectories, D%i 0 - 

Proposition 6.4. Let O be an open set of Dm- Then 


lim T7logQ Miv [e>] > 

N—too tv 


— inf lilt) . 
*GOnD% o 


Proof. This proof is essentially the same as that found in [KL]. Fix the open 
set O. Given 7r £ O fl T> e ^ Ql by definition there exists H £ C ,1,2 ([0,T] x [0,1]) 
such that 7 T t (du) = pf 1 (u) du, where p H is the weak solution of (2.11). Denote 
by the probability on the space Dq n defined by 

F* N [A,n N eO] 

P^Keo] ’ 


P ?f[A] 
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for any A measurable subset of T>q n . Within this definition, 


I | (jp 

-logQ^O] = — log dP^ 7 


UN 


I^N 


llogQ^JO]. 


Since O is a open set that contains p H , by the Proposition 4.1 the second term 
in the right hand side of above converges to zero as N increases to infinity. Since 
the logarithm is a concave function, by Jensen’s inequality the first term in the 
right hand side of above is bounded from below by 


wH,0 


_L log dP ^~ 

IN ° g dP« J- 


Adding and subtracting the indicator function of the set £ O ^}, the last 
expectation becomes 




-n h ^ 




)-E, 


H 


-L log dFw l 

IN g dP" 


{n N eO c } 


( 6 . 2 ) 


where 


H( 




) := E, 


H 

Fn 


dp L 

log^ 


dP 


fJ-N 


= -E 


H 

Fn 


log^A" 
S ^ 


(6.3) 


is the so-called relative entropy of P^ N with respect to P MJV . Again by Proposition 
4.1 we have that Q B N [O] converges to one as N increases to infinity. By (4.6) 
the expression -A log is bounded, hence the second term inside braces in 

MAT 


(6.2) vanishes as N increases to oo. Thus 


lim — 

iV->oo A 




l P A»iV 


) = - I(P H ): 


where the last equality has an importance for itself and for this reason it is 
postponed to the Lemma 6.5 proved next. □ 


Lemma 6.5. Let H £ C 1 


, T] x [0,1]). Then 


lim —Hi 

N —>oo N 


dH 

• fl N ) 


,) = Hp h ), 

where p H is the unique weak solution of (2.11). 

Proof. Using the formula (6.3) for the relative entropy, we get 


-H(P» n \P, n 


) = 


— 

jy w 


r dP^ 

1 IT 

dP^ 

log 1 b h 

V s dP MJV B ^\ 

+ — e h 

N 

[ log dp" "wl 


(6.4) 


where the set B$ s was dehned in (5.3). We claim that the event {Bg e ) h is 
superexponentially small with respect to P^ . Indeed, by (4.6) we have 


t>h 

' /iji 


«J C 


= E 


'Mat 


r dl C 

- dP„„ 


C e <W)*p 


« E ) C 
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and then by (5.4) we get 


1 


s,H 


lim lim — log P), 

e.j.0 oo N B 




H nC 


= —00 . 


Provided by the limit above and the fact that 
hand side of (6.4) is 


log 


dPt 


dP„ 


is bounded, the right 


-E" 
TV ^ N 


dPfL 

log— 

8 dP„„ 


L B f 


° 4 v(l) • 


(6.5) 


for all 5 > 0 and each small enough e = e(<5). Applying the expression (5.9) for 

d pH 

the Radon-Nikodym derivative, -A log on the set Bf e is equal to 

Jh({k N * fy) * hr) + Oh,t,s, 7(77) + + Oh(s) + Oh{j) , 

for all 5 > 0 and all e and 7 small enough. Since this expression is bounded 
and the probability of (B^ e f with respect to F^ N vanishes as N increases to 
infinity, the expression (6.5) becomes 


E 


H 


Jh{{ n N * d)) * hr) + OH,T,e,j(jf) + 0(5) + Oh(s) + Oh(j) + Ojv(l) , 


for all 5 > 0 and all £ and 7 small enough. For fixed £ and 7 , the map p i-»- Jh((p* 
i® )*i e ) is continuous with respect to the Skorohod topology, see the Proposition 
5.11. Moreover, by Proposition 4.1 the sequence Q^ N converges weakly to the 
probability concentrated on the weak solution of (2.11). In particular, as N 
increases to infinity, the previous expectation converges to 

Jh((p H * ) * hr) + 0(6) + Oh(s) + Oh(^) ■ 

Letting 7 4 . 0, then taking £ 4 . 0, finally 5 4- 0 and then invoking Lemma 6.1 
concludes the proof. □ 

Since weak solutions of (2.11) for some H implies the special representation 
( 6 . 1 ) for the rate functional, it is natural to study in what conditions a profile p 
can be written as a solution of (2.11). This is the content of the next proposition. 
Notice that the first equation in ( 6 . 6 ) ahead is nothing else than the partial 
differential equation ( 2 . 11 ) rearranged. 

Proposition 6.6. Let p e C 1,2 ([0,T] x [0, 1]) such that 0<£<p<l — e, for 
some £ > 0. Then, there exists a unique (strong) solution H £ C' 1 , 2 ([0, T ] x [0,1]) 
of the elliptic equation 
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9 2 uMu) + d -4u^- d - H ^ u ) = AP fx(Mu)) {U) - e (0. !) 

d u H t (0) = 2^ko))i BeSHt{0) - Ce- SH *M+d uPt (0)\ 
d u H t ( 1 ) = _ Ce- SH ^+d uPt ( 1 )] 

H t { 0) = 0 


( 6 . 6 ) 


where B = B( Pt ) = p t (l)(l - p t (0)) and C = C( Pt ) = Pt ( 0)(1 - p t (l)), for all 
t £ [0, T]. Above we are denoting 0 = 0 + and 1 = 0”. 

Proof. For fixed time, the first equation in ( 6 . 6 ) is a linear second order ordinary 
differential equation in H. The only work is to adjust the solution to satisfy the 
boundary conditions. Let ,zo € R be the unique solution of the transcendental 
equation 0 = ( Be~ z — Ce z ) a + A, where 


f 1 1 

= a( Pt ):= dv , 

Jo 2 X{Pt{v)) 


A = A( Pt ) := / 
J 0 


1 d uP t(v) - d t /q p t (w) dw 


dv. 


2 x(Pt(v)) 

and B > 0 and C > 0 are those ones in the statement of the proposition. Let 

d uP t{v) - d t fj Pt {w) dw 


H t {u) := (Be" 2 ” - Ce«>) [ \ dv + [ 

Jo 2 x{Pt{v)) Jo 


2 xiptiy)) 


dv, 


for all t £ [0,T]. It can be directly checked that H is the solution of ( 6 . 6 ). □ 

Recalling the definition of given in the Theorem 2.14 and the definition 
of , Proposition 6.6 can be resumed as: 

Corollary 6.7. The set 

Vji Ao fl {tt £ T>m ; TTt(du) = P t(u)du , with e < p < 1 — e for some e > 0} 
is contained in . 

Despite not convex in general, the rate functional / obtained in our model is 
convex in some sense. This is subject of the next proposition, to be used in a 
density argument. 

Proposition 6.8. Let P , A £ T>m with I( P ) and /(A) finite such that (p t (0 + ) — 
At(0 + )) ( P t(0~) — At(0 - )) > 0, almost surely in t £ [0,T]. Then, for 6 £ [0,1], 


I{dp+{l-6)\) < ei{ P ) + {l-0)I(\). 


( 6 . 7 ) 











T. Franco and A. Neumann/Large deviations for exclusion with a slow bond 


57 


Proof. Let 9 £ [0,1]. We claim that 

Jh( 9 P +(1-9)X) < 8J H {p) + (1 - 0 )Jh(\) , ( 6 . 8 ) 

for any H £ C' 1 , 2 ([0,T] x [0,1]). Recall that Jh(p) is the sum of linear part in 
p, namely 


£h(p)~J |pt (0 )i/j(SH t (0)) + p t (0 + )ip( - ( 0 ))| dt , 

plus a convex part in p, namely — ff(x(Pt ), ( d u H t ) 2 ) dt, and 

J Pt(0-)p t (0 + ){i;(6H t (0))+^(-SH t (0))}dt, (6.9) 

wherefore we only need to care about this last term. Since if{x) = e x — x— 1 > 0, 
we have that 0)) + xf(—5H t ( 0)) > 0. Let / : R 2 -> E be the function 

defined by f[x,y) = xy. If (xi,yi) and (x 2 ,y 2 ) are two points of R 2 such that 
(x 2 - xi)(y 2 - yi) > 0 , then 

f{f(xi,yi) + (l-Q)(x 2 ,V 2 ) S } < 8f(xi,yi) + (1 - 0)f{x 2 ,y 2 ) ■ ( 6 . 10 ) 

To see this, just note that / is convex along lines of the form y = ax+b, provided 
a > 0. The inequality (6.10) applied to (6.9) permits to conclude the inequality 
( 6 . 8 ), which in his hand leads to (6.7). □ 

Proposition 6.9. Let ir £ T>m with /( ir) < 00 . There exists a sequence {7T e } £ >o 
in T>m 0 such that 7 r £ converges to n in T>m and 7if ( du ) = p\ ( u ) du with e < 
Pt(u) < 1 — £. Moreover, lim^o /( 7 r e ) < /(7r). 

Proof. Let 7 r £ Vm with I(ir) < 00 , then irt(du) = pt{u) du and 0 < p < 1. 
Consider 1 (t,u) = 1 and 0 (t,u) = 0, for all t £ [0,T] and u £ T. Define 
p e = £ 1 + (1 — 2 e)p + eO and n^(du) = p^(u)du. By Lemma 6 . 8 , I(n £ ) < 
el{ 1) + (1 — 2 e)I(p) + el( 0). Hence lim^o 7 (tt £ ) < /(7r). 

□ 


We are in position to prove the lower bound for smooth profiles. 

Proof of the Theorem 2. If, item (ii).. Fix ir £ T>%f 0 D O and consider the se¬ 
quence TTt(du) = pl{u)du, where p £ (u) = £ + (1 — 2 £)p t (u), as in the proof of the 
Proposition 6.9. That is, such that £ < p E < l — £ with p e £ C' 1 , 2 ([0,T] x [0,1]). 
By Corollary 6.7 and since O is open, we have that 7 r £ £ 'D e ^ 0 D O for small 
enough e > 0 . 

By Proposition 6.4, 

lim T7 log Qvn [ O ] > - inf eq > ~ I ^ e ) ■ 

N—too N \<£Or\vff Q 
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Taking the limit infimum in the right hand side of inequality above and using 
the Lemma 6.9, we get 

lim -^7 log Q mjv [ O] > -lim/(7r E ) > -I(n). 

oo A 

Since f is an arbitrary trajectory on the set O fl L)%^ 0 , we can optimize over all 
elements in this set, obtaining therefore 

lim T 7 log Qg, N [ O ] > sup -1(f) = - inf I(n), 

N—yoo A 7reOnX>J to weOnX>£, o 

which finishes the proof. □ 


Appendix A: Uniqueness of strong solutions 

As aforementioned, we have assumed uniqueness of weak solutions of (2.11), a 
delicate problem in the area of partial differential equations for which we have no 
argument. In this appendix we present uniqueness of strong solutions of (2.11). 

Theorem A.l. Let po ■ K —i► [0,1] be measurable profile. Then, there exists at 
most one strong solution of the partial differential equation (2.11). 

Proof. We will describe a general situation that includes the PDE (2.11). Let 
u\ and U 2 two strong solutions of 

{ d t u = dfu + F(t, x, u, d x u) 
tt(0, x) = u(x) 

d x u( 0) = H 0 (t,x,u(0),u(l)) 
d x u( 1) = Hi(t,x,u(0),u(l)) 

where F , Hq, Hi are smooth functions. Let v = u± — U 2 - Hence i>(0, x) = 0 and 
d t v = dfv + L, where 

L = F(t,x,ui,d x ui) - F(t,x,u 2 ,d x u 2 ) ■ 

By smoothness, there exists a constant C > 0 such that hold the estimates 

\F(t,x,ui,d x ui) - F(t,x,u 2 ,d x u 2 )\ < C(\v\ + \d x v \), 
\Hi(t,x,ui(0),ui(l)) - Hi(t,x,u 2 (0),u 2 (l))\ < C'(|v(0)| + |t>(l)|), 

for i = 0,1. An application of Young’s inequality implies that, for all e > 0, 
there exists A(s) > 0 such that 

|u(0)| 2 + |u(l)| 2 < e f (d x v) 2 dx + A(e) f v 2 dx, 

Jo Jo 


(A.l) 
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for any time t > 0. Define q(t) = f v 2 (t , x ) dx. Then 

q'(t) = 2 f vd t vdx = 2 f vd 2 vdx + 2 f vLdx 

Jo Jo Jo 

= 2 u(l) d x v(l) — 2 u(0) c^i^O) — 2 f (d x v) 2 dx + 2 f vLdx. 

Jo Jo 

Thus, by previous estimates, 

q\t) < Ci((u(0)) 2 + |u(0)| |u(l)| + Cu(l)) 2 ) - 2 J ( d x v) 2 dx 
+ Ci f v 2 dx + Ci f \v\\d x v\dx. 

Jo Jo 

Again by Young’s Inequality, 

q'(t) < - 2 J (d x v) 2 dx + C 2 ((v(0)) 2 + (w(l)) 2 ^ 

+ C 2 f v 2 dx + /3 f ( d x v ) 2 dx . 

Jo Jo 

where fJ can be chosen small as necessary. Recalling (A.l) with small e gives us 

q\t) < f (d x v) 2 dx + C 3 f v 2 dx 
2 Jo Jo 

implying q'(t) < C 3 q(t). Noticing that g(0) = 0, Gronwall’s inequality finishes 
the proof. □ 
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